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1 Introduction 

The purpose of this chapter is to survey a new aspect of topological studies of 
Riemann surfaces via infinite dimensional Lie algebras. More concretely, we 
discuss a geometric approach to the Torelli-Johnson-Morita theory using an 
infinite dimensional Lie algebra called the Goldman Lie algebra, which comes 
from global structure of surfaces. 

The Torelli-Johnson-Morita theory, initiated by Johnson [23] [24] and elab- 
orated later by Morita [57], is a place where infinite dimensional Lie algebras 
appear in the study of the mapping class groups and the Torelli groups. In 
this chapter, surfaces are always assumed to be differentiable. Let S = Sg^i 
be a compact oriented surface of genus g > with one boundary component, 
and A^g.i the mapping class group of S relative to the boundary. The Torelli 
group Ig^i is a normal subgroup of Mg^i consisting of mapping classes act- 
ing trivially on the homology of S. There are many motivations from various 
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fields of mathematics for studying this group, but still we are very far from 
full understanding of it. To study Ig^i we consider a central filtration of Xg_i 
called the Johnson filtration, which is defined by the action of mapping classes 
on the lower central series of the fundamental group of the surface. A central 
object of the theory is an injective, graded Lie algebra homomorphism 

oo oo 

r: 0gr'^(Z^,O^0f}ii(fc)- (1-1) 

fc=l k=l 

The fc-th component r^ : gr'^(Ig_i) — > f)^ ^{k) is called the fc-th Johnson homo- 
morphism. Here the target is an infinite dimensional Lie algebra called the Lie 
algebra of symplectic derivations of type "Lie" in the sense of Kontsevich [40] . 
It is purely algebraically defined and was introduced by Kontsevich [JD] and 
Morita [S3] [M] independently. The image of r is called the Johnson image. 
Characterization of it is a hard but very important problem in the study of 
Xg^i. Morally, the problem asks what the Lie algebra of the Torelli group is. 

An infinite dimensional Lie algebra related to an oriented surface S also 
arises in the following way. Let Tr{S) be the set of homotopy classes of ori- 
ented loops on S. Motivated by the study of the symplectic structure of the 
moduli space of fiat bundles over a surface, Goldman [T^ introduced a Lie 
bracket called the Goldman bracket on the free Z-module ZTr{S) with basis 
the set 7r(S'). The definition of the Lie bracket involves the intersections of 
two loops and this Lie algebra is called the Goldman Lie algebra. Later Tu- 
raev [79] found a Lie cobracket called the Turaev cobracket on the quotient 
Lie algebra Z7r'(5) ~ 'Ztt{S)/Z1, where 1 is the class of a constant loop, and 
showed that 'Lt!'{S) has a structure of a Lie bialgebra. The definition of the 
Lie cobracket involves the self-intersections of a loop. This Lie bialgebra is 
called the Goldman- Turaev Lie bialgebra and will be our central object of 
consideration. In this chapter we consider over the rationals Q and work with 
Q^(5) = Z7r(5) «)z Q. 

Our primary goal is to show that the Goldman Lie algebra appears natu- 
rally in the Torelli- Johnson-Morita theory. This relation is first found in [31] 
and further developed in [33] [3j. Here we explain the main idea briefiy. To 
start with, the mapping class group M.g.i acts on the fundamental group of E 
by automorphisms, where we take a base point on the boundary of E. This is 
a point of view illustrated in the Dehn-Nielsen theorem. A basic observation 
is that the Goldman Lie algebra Q7r(I]) also acts on the fundamental group, 
but this time the action is by derivations. As for the relationship between Lie 
algebras and Lie groups, derivations and automorphisms are related by the 
exponential map. Here we come to a technical but inevitable point; since we 
work with the exponential map, we have to consider completions of objects 
and care about convergence. In any case we can construct suitable comple- 
tions of the Goldman Lie algebra and the fundamental group, and we have 
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the exponential map from a subset of the completion of Q-n'(E) to the auto- 
morphism group of the completion of the fundamental group. After that we 
introduce a Lie subalgcbra i+(I]) of the completion of Q7r(I]), and show that 
the automorphisms of the completion of the fundamental group of E induced 
by elements of Xgi are in the image of the derivations coming from L'^{Tj) 
by the exponential map. Taking the logarithm, we obtain an injective group 
homomorphism 

r:Iga^i+(S), (1-2) 

where the group structure of the target is described by the HausdorfF scries. 
We call (|1.2p the geometric Johnson homomorphism, since taking the graded 
quotients of it we can recover (|l.ip . Actually, r is essentially the same as 
Massuyeau's total Johnson map [17|- However, our construction is free from 
any choice and is more intrinsic. A practical advantage of our construction is 
that it can be applied to other compact surfaces with more than one boundary 
component. 

The Turaev cobracket induces a map 5 from the target of the geometric 
Johnson homomorphism r. By the fact that any diffeomorphism of a surface 
preserves the self-intersections of loops on the surface, we show that (5 o t = 0. 
This gives a non-trivial geometric constraint on the Johnson image. Indeed, we 
show that all the Morita traces [S^ , which are obstructions of the surjectivity 
of (|l.ip found first, can be derived from 5. We hope that some of other known 
constraints on the Johnson image also can admit interpretations from our 
geometric context. 

This survey is organized as follows. In ^ we give an overview of the 
construction of the Johnson homomorphisms and known results about the 
Johnson image. We also discuss how to extend the Johnson homomorphisms 
to the Torelli group or to the whole mapping class group. The main body of this 
chapter is from Sj3]to !j7l We always consider the mapping class groups relative 
to the boundary; all the diffeomorphisms and the isotopies that we consider 
are required to fix the boundary pointwise. Therefore, when the surface S has 
more than one boundary component, it is natural to consider that the mapping 
class group acts on the fundamental groupoid of the surface with base points 
chosen from each boundary component, instead of the fundamental group. 
In ij3l wc provide some languages to deal with such a situation. In 21 we 
give the definition of the Goldman- Turaev Lie bialgcbra, and explain how it 
interacts with the homotopy set of based paths on the surface. In particular, 
we show that Q7r(S') acts on the fundamental groupoid of S by derivations. We 
also discuss other operations to curves on surfaces. In iJSl we investigate Dehn 
twists from our point of view in detail. We show that the action of a Dehn twist 
on the completion of the fundamental groupoid has the canonical logarithm, 
and specify it as an clement of the completion of the Goldman Lie algebra. 
This was first observed in [31] . and leads us to introducing a "generalized 



The Goldman- Turaev Lie bialgebra and the Johnson homomorphisms 5 

Dehn twist" , which is an automorphism of the completion of the fundamental 
groupoid associated to a loop on the surface which is not necessarily simple. 
Generalized Dehn twists are first introduced in }41) and are further studied in 
[33] [34j . Massuyeau and Turaev [49] also study them from a slight different 
point of view. In H5.2l and iJ5.3l we present basic properties of generalized Dehn 
twists. In 311 and [jTl we define the geometric Johnson homomorphism. We 
first treat the case 5 = S in iJH then the general case in ^3 In the general 
case, we obtain an injective group homomorphism 



T:I^{S)^L+iS). (1.3) 



Here 1^[S) is the "largest" Torelh group in the sense of Putman ^, and 
L'^{S) is a Lie subalgebra of the completion of (Q7r(5'). Note that when S 
has more than one boundary component, there are natural choices for the 
Torelli group, see [68] ■ Recently Church [7] constructed the first Johnson 
homomorphism for all kinds of Putman's Torelli groups. We do not know any 
relation between Church's construction and ours. In ij6] and SjT] we also give 
an algebraic description of the Goldman bracket. When S* = S, this means 
that the completion of Q7r(S') is isomorphic to (the degree completion of an 
enhancement of) the Lie algebra of symplectic derivations of type "associative" 
in the sense of Kontsevich [40]. Note that the tensorial description of the 
Goldman bracket is also obtained by Massuyeau and Turaev [49] [50] by a 
different approach. In the case S" = S, we also mention a partial result about 
a tensorial description of the Turaev cobracket based on a result of [32] • In SI 
we discuss other related topics. 

Finally, we make a remark that is less relevant to the main part of the 
text but is still worth mentioning. As for an infinite dimensional Lie alge- 
bra coming from local structures of surfaces, there is an observation due to 
Kontsevich [32] and Beilinson, Manin and Schechtman ]3]. They discovered 
that the Lie algebra of germs of meromorphic vector fields at the origin of C, 
i.e., a complex analytic version of the Lie algebra Vect(5'^), acts on the moduli 
space of compact Riemann surfaces with local coordinates in an infinitesimally 
transitive way. It enables us to regard the Lie algebra as the Lie algebra of 
the stable mapping class group. This idea has been well-understood for the 
last few decades. For example, from this fact, we can derive some topological 
information on the stable cohomology of the mapping class group of a surface. 
For details, see [1], [26], [27] and [28]. Compared with this idea, our approach, 
which will be presented in this chapter, suggests us a quite new interaction be- 
tween the mapping class group and an infinite dimensional Lie algebra coming 
from the global nature of surfaces. 
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2 Classical Torelli-Johnson-Morita theory 

We describe the Torelli-Johnson-Morita theory for once bordered surface and 
its recent developments. This theory, initiated by Johnson [53] [53] and elab- 
orated later by Morita [S7j , studies a certain filtration of the mapping class 
group and a graded Lie algebra associated to it. The treatment here is brief 
and limited. In particular, we confine ourselves to compact surfaces with one 
boundary component. For more details and other aspects, we refer to the 
chapters of Habiro and Massuyeau [18], Morita [61], Sakasai [70] and Satoh 

2.1 Lower central series and the higher Torelli groups 

Let E = Sgi be a compact connected oriented surface of genus 5 > with 
one boundary component, and -Mg,! the mapping class group of S relative to 
the boundary, i.e., the group of diffeomorphisms of S fixing the boundary dT, 
pointwise, modulo isotopies fixing 9S pointwise. Taking a base point * on 95], 
we denote tt = 7ri(I], *). The group A4g.i acts naturally on tt. Let Tk = rfe(7r), 
fc > 1, be the lower central series of tt, i.e., a series of normal subgroups of n 
successively defined by Fi = tt and F^ = [Ffc^i,7r] for fc > 2. The intersection 
rifcLi Tfc is trivial since tt is a free group. Since F^ is characteristic, Mg^i acts 
naturally on the fc-th nilpotent quotient Nj- — Nk{7r) = n/Tk+i- 
For A: > 1, the k-th Torelli group is defined as 

■Mg,i{k) = {ip e Mg^i\ip acts trivially on Nk}. 

Then we obtain a decreasing filtration {■Mg.i{k)}^i of normal subgroups of 
A^g.i called the Johnson filtration. The first term A^g.i(l) is nothing but the 
Torelli group Ig^i since Ni = 7r/[7r,7r] is canonically isomorphic to the first 
homology group Hz = iJi(S;Z). The second term M.g^i{2) is known as the 
Johnson kernel ICg^i, which is by definition the kernel of the first Johnson 
homomorphism ti (see ^2.2\i . Due to a deep result by Johnson [25], ICg^i is 
equal to the group generated by Dehn twists along separating simple closed 
curves on E. 

It is known that the filtration {A4g^i{k)}^^-^ is central, i.e., 

[MgAk),Mg,i{e)]cMgAk + i) ioT k , i > 1 (2.1) 

(see |55j Corollary 3.3). Thus commutator product induces a structure of a 
graded Lie algebra on the graded module 0feLi gr'^X^ga), where gr''{Igs) = 
■^g.i{k)/.Mg,i{k + 1). On the other hand, the intersection HfeLi -^g,i(^) is 
trivial since Hfc^i ^k = {1}- We can regard the quotient groups A4g.i/-Mg.i{k) 
and Ig^i/A4g^i{k) as approximations of the whole group Aig^i and the Torelli 
group Tg^i- From this point of view it is important to understand gr'"'(2g_i) 
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for a specific k or the whole graded Lie algebra 0^i gr'^(Ig,i). The Johnson 
homomorphisms are key tool to study them. 



2.2 The Johnson homomorphisms and their images 

Wc briefly recall the definition of the Johnson homomorphisms. Let us fix k > 
1 and consider a A^^^i-equivariant exact sequence — >■ rfc_(_i/rfc_|_2 -^ -/Vfe+i — ^ 
N]^ — > 1. Since tt is free, the quotient F/j/Ffe+i is canonically isomorphic to 
£z{k), the degree fc-part of the free Lie algebra generated by Ni = H^ (see 
e.g., [35] [73]). Thus the exact sequence becomes a central extension 

^ C^ik + 1) ^ Nk+i -^ Nk -^ 1. (2.2) 

Take ip G Aig,i{k). Since ip acts trivially on Nk, for any a; £ tt the image of 
(p{x)x~^ in Nk+i is actually an element of Cz{k + 1) in view of p.2p . Then 
we obtain a mapping tt — > £z(fc + 1), x i— > [(/?(a;)x~^]. One can show that this 
mapping is a homomorphism, thus induces a homomorphism r^ ((/?): iJz — >• 
£z(fc + 1). The mapping r^ : A^g,i(fc) — > Hom(7fz,£z(fc + 1)), f >-^ Tk{(p) is 
in fact a homomorphism, and is called the k-th Johnson homomorphism. It 
was introduced by Johnson [53] [23]- Note that using the intersection form 
( • ) : Hz X H^, — !► Z on the surface, we can identify H^ and its dual H^ = 
Hom(iJz,Z) by H^ -^ H^, X ^ {Y ^ {Y ■ X)), where X,Y e Hz- This 
induces an isomorphism 

Hom(i7z, £z(fc + 1)) = Hl® Cz{k + l)^Hz® Cz{k + 1), 

through which we can also write r^ as 

Tk:Mg,i{k)^Hz®Cz{k+l). (2.3) 

One can easily see that the kernel of Tk is A4g^i{k + 1), hence Tk induces an 
injective group homomorphism 

Tk:gT''{Ig,i)^H^®Czik + l) (2.4) 

(using the same letter r^). In particular the graded quotient gr'^(2g_i) is iso- 
morphic to Im(Tfc). 

Remark 2.1. Let Sp{Hz) be the group of Z-linear automorphisms of iJz 
preserving the intersection form. Fixing a symplcctic basis of iJz, wc have 
an isomorphism Sp{Hz) ^ Sp{2g;Z). The group Sp{Hz) acts on both the 
domain and the target of (|2.4p . First of all for each fc > 1 the group Mgs 
acts on Aig.i{k) by conjugation, hence on gr'^(Xg.i). From (|2.ip we see that 
the subgroup Mg^i{l) = Ig,i acts trivially on gr'''(Ig_i). Since we have an 
exact sequence 1 — > Ig_i — > A^g,i -^ Sp{Hz) -^ 1, the action of Sp{Hz) 
on the domain is induced. The action of Sp{Hj^) on the target is naturally 
induced by the action of Sp{Hz) on Hz- Then one can see that the map (|2.4p 
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is 5'p(iJz)-equivariant. This point of view is particularly important when we 
study Tk ®z Q, since we can apply representation theory of S'p(2p;Q). 

I 3 



Johnson [23 proved Ti(Xg,i) = A|iJz C Hz (E) Cz{2). Morita [57] found 



that the target of r^- can be smaller and the collection {r^j^j^ constitutes 
a graded Lie algebra homomorphism. He introduced a submodule f)?i(A:) C 
ifz «) 'Cz(fc + 1) defined by 

\)l^{k) = Ker([ , ] : Fz ® U{k + 1) ^ /:z(fc + 2)). 

When fc = 1, we have f)g,i(l) = A|i7z;. Let £2 = 0^i/:z(fc) be the free 
Lie algebra generated by H^. Any element of f)g,i(fc) can be considered as 
a symplectic derivation of Cz as follows. For u G f)g.i(^)' '^^ define a Z- 
linear map D„: Hz = Cz{^) —> /^z(fc + 1) by Du{X) — Ci2{X ® u), where 
C12 : H®^+'^ -^ H»''+\ Xi®X2^X3®---®Xk+3 ^ {Xi-X2)X3^---^Xk+3 
is the contraction of the first and the second factor by the intersection form. 
Then we can extend -D„ uniquely to a derivation Z?„ : Cz ^ Cz (using the 
same letter), that is, a Z- linear map satisfying the Leibniz rule Du{[v,w]) = 
[Du{v),w] + [v,Du{w)] for any v,w d Cz- The derivation D„ is of degree k 
in the sense that Du{Cz{tj) C Cz{k + t) for any £ > 1, and is symplectic in 
the sense that -D„(w) = 0, where uj £ Cz{2) = A'^Hz C i?f ^ is the tensor 
called the symplectic form, corresponding to —1h G }loin{Hz, Hz) = H^ (g) 
Hz = Hz €5 Hz- Note that if {Ai,Bi}f^^ C Hz is a symplectic basis, then 
uj = X]f=i Ai^Bi — Bi^Ai, cf. ij6.2l The correspondence u 1— )► £)„ is injective. 
On the other hand any symplectic derivation of Cz of degree k can be written 
as the form £>„ for some u G t)'^i{k). Thus we can identify f)? i(fc) with the 
Z-module of symplectic derivations of Cz of degree k. Then the graded module 
0feLi ')g,i(^) is *be Z-module of symplectic derivations of Cz and naturally 
has a structure of a graded Lie algebra. We will discuss more details of the 
Lie algebra of symplectic derivations in 



Theorem 2.2 (Morita [57]). (1) The image of ^^ is contained in f)g^i(fc). 

(2) The maps {Tfc}^-^ induce an injective homomorphism of graded Lie al- 
gebras 

00 00 

r: 0gr^(I^.O^0f,f,i(fc). 

fc=l k=l 

By the result of Morita, we can write r^. as 

n:MgAk)^i)li{k). (2.5) 

In this chapter, we understand the fc-th Johnson homomorphism on the fc-th 
Torelli group to be 



The Goldman- Turaev Lie bialgebra and the Johnson homomorphisms 9 

As posed in Morita [6T], characterization of ®^i gr''(2g^i) as a Lie subal- 
gebra of ^"^^i f)? i(fc) is one of big and basic problems in the Torelli-Johnson- 
Morita theory. Actually, r^ is not surjective in general, which was observed 
first by Morita [57] • One often considers the problem over Q to make use 
of representation theory of Sp{2g;Q), (see Remark [2. ip . but still it is very 
hard. In this chapter we call the subalgebra 0^^ gr''{lg^i) tensored by the 
rationals Q the Johnson image. In his monumental paper |20| . Hain gave an 
explicit presentation of the Malcev completion of the Torelli group Ig^i when 
g > 6. In particular, from the presentation together with his other result. 
Proposition 7.1 in [T9|, the Johnson image is generated by the first degree 
component gr^(Xg^i) (8) Q = A^Hz (8) Q. In other words, the comprehension of 
the Johnson image is completely determined by Hain. Hence what we want is 
a complete system of the defining equations of the Johnson image in the Lie 
algebra 05^i f)g.i(^) ® Q- Such an equation is called a Johnson cokernel or 
an obstruction of the surjectivity of the Johnson homomorphism. 

First of all, Morita [57] first found an obstruction for the surjectivity of 
Tfc. Let S'^Hz be the fc-th symmetric power of ffz, C12 : H^''^^ -^ H^'' the 
contraction of the first and the second factor, and s : H® -^ S^H^ the natural 
projection. Let Tr^ : t)^ ^{k) — > S^Hz be a Z-linear map defined by 

Trfe : f,f,i(fc) C ifz ® £z(fc + 1) C i?f '=+2 %' H'f A S^H^. 
The map Tr^ is called the k-th Morita trace. 

Theorem 2.3 (Morita [ST]). (1) Ifk > 2, we have Trfcor^ = 0: gT''{Ig,i) -^ 

(2) Ifk is odd, then Tr/j is non-trivial. In fact, Tvk ^z Q is surjective. 

(3) Ifk is even, then Tr^ — Q on the whole i)^i(k). 

In the original definition [57] the map Tr is defined as a map f)g^i(fc ^ 1) ^' 
S^~^IIz, while we follow the grading in [59], p. 376. In §6.41 we will give a 
topological interpretation of the Morita traces by the Turaev cobracket [33] . 

In a natural way the absolute Galois group Gal(Q/Q) of the rational num- 
ber field Q acts on the arithmetic fundamental group of a pointed algebraic 
curve defined over the rationals Q, which is a group extension of the Galois 
group Gal(Q/Q) by the (geometric) fundamental group of the curve. This in- 
duces an image of the Galois group in the Lie algebra 0^^ f)? i(fc) (8)Q, which 
is called the Galois image. The origin of this constructtion is in Grothendieck, 
Ihara and Deligne. For its precise description, see [64] and references therein. 
The relation between the Johnson image and the Galois image has been stud- 
ied by T. Oda, H. Nakamura, M. Matsumoto and others. For example, H. 
Nakamura |64) introduced some explicit Johnson cokernels coming from the 
Galois image. Such Johnson cokernels are called Galois obstructions. 
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In his study of the /^-automorphism group of a free group, Satoh [71] 
[72] discovered a refinement of the Morita traces. Let Fn be a free group of 
rank n > 2, and Hz its abchanization as in H2.'2[ We denote by H^ its dual 
Homz(7/z, Z), and by Ci{k) the degree k part of the free Lie algebra generated 
by H^. The cyclic group of degree k acts on the tensor space H^®^ by cyclic 
permutation of the components. Following Satoh, we denote by Cn(k) the 
coinvariants of the action, i.e., 

Cn{k) := i/z^V(^i ® X2® ■ ■ ■ ® Xk - X2® Xz® ■ ■ ■ ® Xk® Xi; X, e Hj). 

The Satoh trace Tr/j : H^ ® £z{k + 1) — > C„(/s) is defined to be the composite 
of the inclusion H^ ® Ci{k + I) ^^ H^ ® Hj^®^''^'^\ the contraction map 

C^2 : Hl®Hz®'^''+^^ -^ ffz®^ .f®X2®X3®- ■ ■®Xk+2 ^ f{X2)X3®- ■ ■®Xk+2, 

(/ e H^,X, £ Hz), and the quotient map H^'®'' -^ C„(fc). Satoh [TT] [Z2] 
proved that the images of the lower central series of the /A-automorphism 
group under the Johnson homomorphisms stably coincide with the kernels of 
the Satoh traces Tr^ up to torsion. For details, see his own chapter [73] . 

The fundamental group 7ri(Eg,i, *) is free of rank 2g, so that we can consider 
the Satoh traces Tr^ on the Lie algebra ®^i fig i(^)- Then the contraction 
map C'i2 is exactly the same as the map C12 under the Poincare duality. From 
Satoh's result [7T] together with Hain's result [20], we have Tr^ o Tk = on 
A4g^i{k) for any k > 2. Hence Tr^ is a refinement of the Morita trace Trfc. 
Enomoto and Satoh [13| carried out some explicit computation of Tr^'s on 
®fci ^g,i(^) ® Q, to prove that they have many non-trivial components of 
the Johnson cokernels other than the Morita traces. Thus the restriction of 
Trfc to ®^]^ ()g 1 {^) is called the Enomoto-Satoh trace. 



2.3 Extensions of the Johnson homomorphisms 

From Theorem [221 (2) by Morita, the totality of the Johnson homomorphisms 
(tensored by the rationals Q) 

00 00 

r: 0gr'=(J,,i)®Q^0f)f,i(fc)®Q 
fe=i fe=i 

is an injectivc homomorphism of graded Lie algebras. Hence the Johnson 
image t (0^^ gr''(Ig^i) (g) Q) can be regarded as the "Lie algebra" of the 
Torelli group Ig,i- But the map r is not defined on the Torelli group itself, but 
on the graded quotients. So it is desirable to find a lift of r, or equivalently, an 
extension of r to the Torelli group or to the whole mapping class group M.g,i- 
As will be stated below, there are various ways to construct extensions of the 
Johnson homomorphisms. The diversity of constructions comes from that of 
realizations of the Malcev completion of the free group tt ~ 7ri(Eg_i, *). 
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The first result on this problem was given by Merita [56] [58] through an 
explicit construction of the automorphism group of the group Nk, a trun- 
cated Malccv completion. Here it should be remarked that the abelianization 
M.g^i^ ° is trivial {g > 3) or finite {g = 2). Hence there exists no non-trivial 
homomorphism from Aig^i to any rational vector space ii g > 2. In [55] Morita 
gave an extension as a crossed homomorphism k: A^g,i -^ gr^(Ig i) (g) Q = 
A? Hz ® Q of the first Johnson homomorphism ti. More precisely, he proved 
that there is a unique cohomology class 2k S i/^(A4g.i; A^iJ^) whose restric- 
tion to Xg.i is twice the first Johnson homomorphism 2ri. Here A^Hz is a 
non-trivial A^g.i-modulc in an obvious way. Let pq: A^g.i -^ Sp{Hz) be the 
natural action of Mg^i on the first homology group H^. The crossed homo- 
morphism k defines a group homomorphism 

Pi: Mg,i -^ i^A^'Hz) >^ SpiHz), 
which induces a homomorphism of the cohomology groups 

~k*:H*{^A'Hr,QfP^""'^ ^ H*{{^A'Hz) x 5M^z);Q) '-^ H*{MgX,Q)- 

Theorem 2.4 (Kawazumi-Morita [37]). The image Image(fc*) equals the sub- 
algebra of H*{A4gi; Q) generated by the Morita-Mumford classes e^ = (— 1)*+^^, 
i>l. 

We remark that the theorem holds also for the unstable range. So it is not 
covered by the Madsen- Weiss theorem [45]. The original proof of Theorem l2.4l 
is obtained by interpreting the extended first Johnson homomorphism k as the 
(0, 3)-twisted Morita-Mumford class 7tio,3 [28] . 

As for the second Johnson homomorphism T2, Morita |58| constructed a 
group homomorphism 

extending the homomorphisms pi and T2, where x means some central exten- 
sion of ^t)g ]^(1) by -^t)^ i{2). From the Madsen- Weiss theorem, all the rational 
cohomology classes coming from p2 in the stable range are generated by the 
Morita-Mumford classes. 

From Hain's theorem [20] stated above follows the existence of an exten- 
sion of the fc-th Johnson homomorphism to the whole Adg.i for any fc > 1. 
On the other hand, Kawazumi |29j gave an explicit recipe for constructing 
extensions of the totality of the Johnson homomorphisms from a generalized 
Magnus expansion of a free group. For any fc > 1, Kitano [38] described 
the fc-th Johnson homomorphism in terms of the standard Magnus expan- 
sion of the free group tt = 7ri(I]g.i,*) associated to a symplcctic generating 
system. Moreover Perron [67] constructed an extension of the fc-th Johnson 



P2:Mg,, ^ ((:^f)^,i(2))x(-[)^,i(l))) >. Sp{Mz) 
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homomorphism r^ for any fc > 1 in terms of the standard Magnus expan- 
sion. In general, consider a free group Fn of rank n > 2 with a generating 
system {a;i,X2, . . . ,Xn}- Let H be the abeUanization of Fn tensored by the 
rationals Q, H := F„ '''"'' (8)z Q, and f = f{H) the completed tensor algebra 
generated hy H, T ^ T{H) := Hj^o-^'^^j which has a decreasing filtration 
{?m}^=i of two-sided ideals defined by f^ := n^™ H'^^- The set 1 + fi 
is a subgroup of the multiplicative group of the algebra T. The standard 
Magnus expansion of Fn associated to {xi, X2, . . . , a;„} is the group homomor- 
phism std: Fn -> 1 + Ti defined by std(xj;) := 1 + [x.i], 1 < i < n. Here 
[7] :=: (7 mod [i^„,i^„]) 1 e i/ = Fn""^"^ ®z Q is the homology class of 
J G Fn- On the other hand, Bourbaki [5] developed a basic theory of group 
homomorphisms Fn -^ 1 + Ti . See also [75l . So we define the notion of a (gen- 
eralized) Magnus expansion of the free group Fn by the minimum conditions 
for describing the Johnson homomorphisms. 

Definition 2.5 ([H]). A map 9: Fn —j' T is a (Q-valued) Magnus expansion 
of the free group Fn if it is a group homomorphism of Fn into 1 4- Ti and 
satisfies the condition 9{j) = 1 + [7] (mod T2) for any ^ G Fn- 

The standard Magnus expansion std is a Magnus expansion in this def- 
inition. Let QF„ be the rational group ring of the group F„, and QF„ its 
completion 

QK := hm QFn/{IFnT'. 

Here IFn is the augmentation ideal, or equivalently, the kernel of the augmen- 
tation map aug: QF„ — >■ Q, '^ ^p^ 0^7 i-> '^ f^p^ 0"f- The algebra QF„ has a 
natural decreasing filtration {-FmQ^n}m=i defined by F^QFn := Ker(QF„ — >• 

QFn/ilFnD- 

Fix an arbitrary Magnus expansion 6 of the free group Fn- Then its Q- 
linear extension 9: QF„ -^ T, X]7'^77 '"^ 1^7 '^7^(7)) induces an algebra iso- 
morphism 

9:QFn^f (2.6) 

such that 6{FniQFn) — Tm for any m > 1. Sec, for example, [29] Theorem 1.3. 
For any automorphism ip G Aut(i^„) of the group Fn, we define an automor- 
phism T^((/3) ofthe algebra f by r''((p) :^9oipoe-^: f % QFn ^ QFn 4 f , 
which satisfies T^{(f){Tm) = T,n for any m > 1. Denote by Aut(r) the group 
of all automorphisms U of the algebra T satisfying the condition U{Tm) = Tm 
for any m > 1- Since the completion map QFn — > QFn is injective, the group 
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homoniorpliism 

r^ : Aut(i^„) -^ Aut(f ), ip ^ T%Lp), 

is injectivc. All the Johnson homomorphisnis come from the hom.omorphism. 
T^ . So we call T^ the total Johnson map of the automorphism group Aut(_F„) 
P5] . There are at least two ways to extract an extension of the /c-th Johnson 
homomorphism t^ from the map T^ . One way |29] was prepared for the group 
cohomology of Aut(i^,i), and the other [17] suitable for the Mal'cev completion 
of the group F„ . 

First we explain the original Johnson map introduced in |29j . Let IA{T) 
be the kernel of the natural action of Aut(T) on the space T1/T2 = H . Then 
the restriction to the subspace H <zT induces a linear isomorphism 

00 
IA{f) ^ Uom{H,f2) = Y[Uom{H,H'^^''+^'>), 
fe=i 

by which wc identify these linear spaces. For any ip £ Aut(i^„) the induced 
map \ip\ on H = Fn^^°^ (X) Q acts on the algebra T in an obvious way, so 
that we may regard the composite T^if) o |</'|~^ as an element of IA{T) = 
n^iHom(H,H^('^+i)). We define the k-th Johnson map r^ : Aut(F„) -^ 
Hom(i?,iJ®('=+i)), /fc > 1, by 

tO{p) o l^ri ^ (rf M)r.i e IA{f) = n Hom(i/, i/^C^+D). 

k=l 

The maps t^'s are no longer group homomorphisms. Instead they satisfy an 
infinite sequence of coboundary equations. For example, we have 

- dT^{(p) = e C2(Aut(F„);Hom(i7,i7®2-))^ 

-dT^iip) = (rf ® lH + lif®Tf)UTf e C2(Aut(F„);Hom(i?,iJ«3))^ (2.7) 

Here C*(Aut(F„); M) is the normalized cochain complex of the group Aut(F„) 
with values in an Aut(i^„)-module M, d the coboundary operator, and U 
the Alexander- Whitney cup product. From the equation (|2.7|) wc obtain a 
straightforward proof of Theorem 12.41 Let I An be the kernel of the natu- 
ral action of Aut(F„) on the abclianization Fn^ ° , which is called the lA- 
automorphism group, and an analogue of the Torelli group. Then we have an 
injectivc group homomorphism T : I An — > IA{T). In the case n = 2g and 
Fn = TT = 7ri(Sg^i, *), the restriction t^\m i(fc) equals the (original) fc-th John- 
son homomorphism Tfc. In other words, the graded quotient of the restriction 
T^\x 1 equals the totality of the (original) Johnson homomorphisms 

00 00 00 

gr(r^|x,J = r: gr^(I^,i) ^ (l^,i(fc) C Hom(i/, H^C^+i)). (2.8) 
fc=i fe=i fc=i 
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For details, see [29] . 

Next we discuss Massuyeau's total Johnson map [47] 

r" : I An -^ Hom(i?, C+{f)). 

We need some generalities on a complete Hopf algebra to explain the definition 
of the target. The completed group ring QFn and the completed tensor algebra 
T = T{H) are complete Hopf algebras, whose coproducts A are given by 
A(7) = 7§7 e QFn®QFn for 7 S F„, and by A{X) = X®1 + 1§X e f ®f 
for X ^ H, respectively. We denote by Gr{R) the set of all group-like elements 
in a complete Hopf algebra i?, or equivalently Gr{R) := {r G i? \ {0}; A(r) = 
r®r G i?(g)-R}, which is a subgroup of the multiphcative group of the algebra 
R. The group Gr(QF„) is, by definition, the Mal'cev completion of the group 
F„. Similarly we denote by C{R) := {u E R; A{u) ~ u®! + l(8>w} the set of 
all primitive elements, which is a Lie subalgebra of the associative algebra R. 
The Lie algebra C{T) equals the degree completion of 0^i Ciik) ® Q. As 
is known |B1], the exponential exp: C{R) — >■ Gr(i?), exp(u) := X]fcLi(l/^')^'^i 
and the logarithm log: Gr(i?) -^ C{R), log(r) ■- EfcLi((-l)''~Vfc)(^ - 1)'': 
are the inverses of each other. 

Let IAa{T) be the stabilizer of the coproduct A in the group IA{T), 
and C'^{T) the degree completion of the Lie algebra 0^2 '^z(^) ® Q- Then 
the Lie algebra consisting of continuous derivations of T which stabilize the 
coproduct A and vanish on the quotient H ~ T1/T2 is naturally identified 
with Hom(iJ, £+(r)), which is the target of the map r^. The exponential 
exp: Hom(7J, £+(?)) -^ IA^{f), exp(D) := Efcll(l/fc!)^^ and the loga- 
rithm log: Ma (f ) ^Hom(F, £+(?)), log(C/) ■■=TZi{{-^f~^ I^W -l)\ 
are the inverses of each other. Massuyeau [47] introduced the notion of a 
group-like expansion of the group Fn- 

Definition 2.6 (Massuyeau [l^)- A Magnus expansion 9: Fn ^ T of the free 
group Fn is group-like if 6'(F„) C Gr(r), or equivalently A(6'(7)) = 0{-f)^0{j) 
for any 7 G i^„. 



Fix a group-like expansion 9. Then the isomorphism 9: QF„ ^ T ()2.6p 
preserves the coproduct, so that the Malcev completion of F„ is isomorphic to 
the group of the group-like elements of T through 6*, and we have T^{IAn) C 
IAa{T). Massuyeau introduced the composite 

t' := logoT^: /A„ ^ Hom(i/, £+(r)), ^^Y. ^-^—{T\v) - ifU, 

k=l 

(2.9) 
which we call Massuyeau 's total Johnson map. From (j2.8|) the graded quo- 
tient of T^ equals the totality of the (original) Johnson homomorphisms (for 
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Aut(F„)). In the case n = 2g and F„ = tt = 7ri(I]g,i,*), it is desirable that 
T^{Ig,i) C 1+ := n^i f's,i(^)®Q ^ Honi(iJ, £+(?)). A symplectic expansion 
introduced by Massuyeau [47] makes it possible as will be stated in ij6.1l Our 
purpose is to re-construct the map r^ in a geometric context with no use of 
Magnus expansions. 

We conclude this subsection by reviewing some other approaches to extend- 
ing the Johnson homomorphisms or their enlargement to the whole mapping 
class group or some wider objects. The fatgraph decompositions of the sur- 
face Sg.i define the Ptolemy groupoid of Sg.ii which includes the mapping 
class group Aig.i- Morita and Penner [62] introduced an explicit 1-cocycle on 
the Ptolemy groupoid representing the extended first Johnson homomorphism 
k. Bene, Kawazumi and Penner [1] discovered a canonical way to associate 
a group-like expansion to any bordered trivalent fatgraph with one tail. Un- 
fortunately it is not symplectic. But the 1-cocycle in [62] is the first term of 
the difference of two group-like expansions associated to two fatgraphs adja- 
cent by one Whitehead move. Contracting the coefficients A^H —^Hhy the 
intersection form on the homology group H = Hi{J^g^i;Q), we have the Earle 
class k G H^{Aig^i; Hz). Kuno, Penner and Turaev 03] introduced an explicit 
1-cocycle on the Ptolemy groupoid representing the Earle class, which is sim- 
pler than the contraction of the Morita-Penncr cocycle. On the other hand, 
in [57] . Morita introduced a refinement of the fc-th Johnson homomorphism 
■Mg^i{k) — )■ H3{Nk) for any fc > 1. Here H3{Nk) is the third homology group 
of the nilpotent group Nk in W2.'2l Massuyeau [15] discovered a canonical way 
to attach a 3-chain of the group n modulo the boundaries to each marked 
trivalent fatgraph, which is an extension of Morita's refinement of the John- 
son homomorphisms to the Ptolemy groupoid. It is unknown that the cocycle 
representing the Johnson homomorphisms induced from Massuyeau's and that 
in [3] coincide with each other or not. As was proved by Massuyeau [17] The- 
orem 4.4, Morita's refinement is equivalent to the sum ©,J^ t^ ■ In [47], he 
gave an extension of all of Morita's refinements to the monoid of homology 
cylinders, which includes the mapping class group Aig^i- See the chapter by 
Habiro and Massuyeau [TH]. M. Day [5] [H] realized truncations of the Malcev 
completion of the group tt in the framework of general Lie theory of nilpotent 
groups [65] to present two geometric ways to extend Morita's refinements to 
the whole mapping class group -Mg,!. It is also unknown whether one of them 
coincides with any of what we have stated above or not. 



3 Dehn-Nielsen embedding 

In study of the mapping class group of a surface, it is often useful to consider 
its action on curves on the surface. In the classical case, the surface is S = E^^i 
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as in !j2]and the mapping class group A4g,i acts on tt = 7ri(S, *). This action 
induces an injective group homomorphism 

DN: Xg,i ^ Aut(7r), (3.1) 

whose image is characterized as the automorphisms of n preserving the bound- 
ary loop of S. This is the Dehn-Nielsen theorem. 

In this section we work with general oriented surfaces and consider an 
analogue of p.ip for their mapping class groups. Instead of the fundamental 
group as in the case S ~ '^g,i, we consider the fundamental groupoid of the 
surface with suitably chosen base points and the action of the mapping class 
group on it. 



3.1 Groupoids and their completions 

We begin by some general discussions about groupoids. 

Let us recall a classical construction for a group G (see [69]). The group 
ring QG is a Q-vector space with basis the set G. Extending Q-bilinearly the 
product of G, it is a Q-algebra. Also it is a Hopf algebra with respect to the 
coproduct A: QG -^ QG^QG, G^ g^ g®g and the antipode l: QG -^ QG, 
G 3 g 1-^ g~^. The augmentation ideal IG is the kernel of the Q-algebra 
homomorphism QG ^' Q, G 9 g i-^- 1. The powers (IG)"', n > 0, are two 
sided ideals of QG. We denote by QG the projective hmit lim QG/(/G)". 

The product, the coproduct, and the antipode of QG are induced by those of 
QG. It is called the completed group ring of G, and is naturally a complete Hopf 
algebra with respect to the filtration F„QG = Ker(QG -^ QG/(/G)"), n > 0. 
The set of group-like elements G = {g G QG;A{g) ~ g(^g,g 7^ 0} is a group 
with respect to the product of QG, and is called the Malcev completion of G. 
We have a canonical group homomorphism G ^ G. This map is not injective 
in general. Note that in i|2.3l wc have already seen the above construction for 
a free group. 

Let us consider an analogous construction for groupoids. Let ^ be a 
groupoid such that the set of objects is Oh{Q) and the set of morphisms from 
Po S Oh[Q) to pi e Oh{Q) is Q[po,pi). First we consider the "group ring" 
for Q. Let Q5 be the following small category. The set of objects of Q^ is 
the same as that of 5, i.e., Oh{Q). The set of morphisms from pq S Oh{Q) to 
Pi e Ob(5) is Q^(pojPi)j the Q-vector space with basis the set Q{pi),pi). By 
an obvious manner the product of morphisms in Qt/ is induced from that in Q. 
For any po,Pi,P2 & Oh{g) the product Q^(po,_pi) x Qg{pi,p2) -^ QG{po,P2) 
is Q-bilinear. We define the coproduct, the antipode, and the augm^entation of 
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QQ as the collections 

{Apo,pi: QG{Po,Pi) ->Q5(Po,Pi)«)Q^(Po,Pi)}po,pieOb(e), 
Worn ■ 'QG{Po,Pi) -5- QG{Pi,Po)}po,pieOh{g), and 
{a^gpo,Pi ■ Q^(Po,Pi) -^ Q}po,pieOb(e), 

of Q- linear maps respectively, where Ap^^p^ is defined by Apj,^pj(^) — i (S) i 
for ^ G n5(po,pi), tpo,pi is induced by taking the inverse of morphisms in Q, 
and augp^ p^ is defined by augp^^ p^(£) = 1 for £ e G{po,Pi)- For £ e Gipo.Pi), 
we denote i := ipo.pi(^)- If there is no fear of confusion, we simply write 
A, t, and aug instead of Ap^^p^, tpg^p^, and augp^^i p^, respectively. Clearly t 
is a contravariant functor from QQ to itself. Let QQ (g) QG be the following 
small category. The set of objects oiQGf^QG is Oh{Q), the set of morphisms 
from po e Oh{G) to pi S Oh{Q) is QG{po,Pi) ®Q0(Po,Pi), and the product 
of morphisms in QQ ® QQ is the tensor product of morphisms in QQ. We 
call QQ (S QQ the tensor product. Then we can regard the coproduct A as a 
covariant functor from QQ to QQ QQ. 

We next consider a concept corresponding to the augmentation ideal IG 
and its powers. Notice that for any p £ Oh{G) the set Qp = Q{p,p) is a 
group. Let po,pi £ Oh{Q) and n > 0. If there is no morphism from po to pi, 
i.e., ^(poiPi) = 0, we set Fr,Q0(po7Pi) = 0. Otherwise, taking a morphism 
i G 0(po,Pi) we set F„QQ{po,pi) = {IQpa)"£. Here /t?po is the augmentation 
ideal of the group Qp,^. We understand that FnQQ{po,pi) = QG{po,Pi) for 
n<0. 

Proposition 3.1. (1) The subspace F„QG{po-,Pi) is independent of the choice 
of £, and {FnQG{pQ,pi)\n>Q is a decreasing filtration ofQQ{po,pi). The 
augmentation induces an isomorphism QG{po-,pi)/FiQQ{pQ,pi) = Q. 

(2) For any pq,pi,P2 £ Oh{Q) andni,n2 > 0, we have 

Fn,QQ{po,Pl) ■ F^,QQ{pi,p2) C Fn,+n,QG{PQ,P2)- 

(3) For any pq,pi G Oh{Q) and n>0, we have 

AFnQg{po,Pi) C Yl Fn,Qg{po,Pi)<E>Fn,QG{po,Pi), 

ni+n2=n 
tFnQGipo.Pi) C FnQQipi.po). 

Clearly FnQQ{p,p) = (/^p)" for any p G Oh{Q) and n > 0, and FiQQ{po,pi) = 
Ker(aug) for any po,pi G Oh{Q). 

Now we construct a completion of QQ. Let QQ be the following small 
category. The set of objects oi QQ is Oh{Q). For po,pi G Oh{Q) we set 

'o,pi) := lim QQ (pg , pi ) / FnQQ (po , pi ) , 
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and define the set of morphisms frompo topi to be QQ{po,Pi)- By Proposition 
13.11 (2), the product of morphisms in QQ is induced from that in QQ. Also, by 
Proposition 13. II (1)(3) the coproduct, tlie antipode, and the augmentation of 
QQ are induced naturally. We shall use the same letters A, i, e for them. For 
example the coproduct of QQ is the collection of maps A = Ap^^p^, po,pi G 
Oh{Q), where A is a map from QQ{po,pi) to the completed tensor product 



oo,pi)®QQ{po,pi) 
--]^iQQiPo,Pi)®QQ{pa,Pi))/ Yl Fn,QG{Po,Pi)'S)Fn,QQ{po,Pi) 



ni-\-n2—n 



Again, introducing a small category QQ(>^QQ by an obvious manner, we can 
regard A as a covariant functor from QQ to QQ^QQ. 

We call QQ the completion of QQ. We define a filtration of QQ{pq,pi) by 

FnQQ{po,Pi) := Ker(Q§(po,Pi) ^ QQiPo,Pi)/FnQQ{Po,Pi)), for n > 0. 

There is a canonical isomorphism QQ{pq,pi) == lim QQ {po , Pi) / FnQQ {po , Pi) ■ 
This filtration enjoys a property similar to Proposition l3.H and endows QQ{po,Pi) 
with a topology. We shall say u G QQ{pa,Pi) is group-like if A{u) = u(§u and 
u y^ 0. Note that the set of group like elements of QQ is closed under the 
product of morphisms and the antipode, and any group like element of QQ 
is an isomorphism. Thus the set of group like elements of QQ constitutes 
a subcategory Gr(QC7) of QQ and is in fact a groupoid. There is a natural 
homomorphism of groupoids from Q to Gr(Q^). Wc call Gr(QC^) the Malcev 
completion of the groupoid Q. 

We end this subsection by recording the following fact which will be used 
later. Let n > 1 andpo7Pij • • • iPn € Oh{Q), and assume Q(j>i-i,Pi) 7^ for 1 < 
i < n. Then the multiplication (S^iLi FiQQ{pi^i,Pi) -> FnQQ{po,Pn) is surjec- 
tive, and the sum of the multiplication and the inclusion (2)i=i FiQQ(jJi^i,pi)(B 
Fn+iQQ{po.Pn) -^ FnQQ{pQ,pn) is surjcctive. 



3.2 Derivations and their exponentials 

Let Q he a. groupoid. Recall that a derivation of an associative Q-algebra ^ is a 
Q-cndomorphism D : A ^ A satisfying the Leibniz rule D{ab) ~ {Da)b+a{Db) 
for any a,b G A. We generalize this notion to QQ and QQ. Wc define a deriva- 
tion of QQ to be a collection D = {-Dpo,pi}po,pi60b(6) of Q-endomorphisms 
DpQ.pi ■ QQ{po,Pi) — > QQ{po,Pi) satisfying the Leibniz rule in the sense that 

F>po,P2{uv) ^ {Dpg,p^u)v + u{Dp^,p^v) 
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for any po,Pi,P2 G Oh{g), u e Q^(po,Pi) and v e Q^(pi,P2)- To sim- 
plify the notation we often write D instead of Dp^^^p-^. The derivations of QG 
form a Lie algebra Der(Q5) with the Lie bracket [£'1,1)2] = D1D2 — D2D1, 
Di, D2 € Der{QQ). Similarly, we define a derivation of QQ to be a collection 
of continuous Q-endomorphisms of QG{po,Pi), Po,Pi G Oh{g), satisfying the 
Leibniz rule in the same sense as before. We denote by Der(Q^) the set of 
derivations of QQ. This is a Lie algebra by an obvious manner. For later use 
we introduce a filtration of Der(Q5). For ji G Z, wc define _F'„Dcr(QtJ) to be 
the set of 13 G Der(Qd) such that 

D{FeQg{po,pi)) C Fe+nQg{po,Pi) 

for any po,pi £ Oh{Q) and I > 0. We say that a derivation D E Der(Q^) 
stabilizes the coproduct if AD = {D®1 + 1®D)A: Qg{po,Pi) -^ QQ{pn,Pi) 
for any po,pi € Oh{Q). The derivations of QG stabilizing the coproduct form 
a Lie subalgebra Der^{QQ) of Dcr{QG)- 

We show that a derivation of QG naturally induces a derivation of QQ. Let 
D G Der(Q(7). We claim that for any pQ,pi G Oh{Q) and n > we have 

D{FnQgipo,Pi)) C Fn-iQg{pn,Pi)- 

To prove this, we may assume that G{potPi) 7^ 0- By the remark at the end of 
i i3. II there exist ui, . . . ,m„_i G FiQg{po,po) and w„ G FiQQ{po,pi) such that 
u = ui ■ ■ ■ Un-iUn- Then 

n 
D{ui •••U„) = ^Ul ■ ■ ■ Ui-i{DUi)ui+i ■■■Un E Fn_iQg{po,pi), 
i=\ 

as desired. This shows that D = Dpg,p-^ induces a continuous Q-endomorphism 
of QG{po,Pi), and there is a natural Lie algebra homomorphism Dcr(Q^) — ^ 



We next discuss the exponential of derivations. Recall that if A is an as- 
sociative Q-algcbra and _D is a derivation of A, then the formal power series 
exp(D) = X]i^o(-'^/"')^" is a Q-algebra automorphism of A, provided it con- 
verges. To prove this note that for any a,b G A and n > 0, we have 

D'\ab)= J2 -^,D-^ia)D-'{b) 
^ 7ii\n2\ 

ni,n2>0, 
11 +"2=" 

by the Leibniz rule. Now let us consider the exponential of derivations of Q^. 

Lemma 3.2 ( |33j Lemma 1.3.2). Suppose D G DeilQQ) satisfies the following 
conditions. 
(1) For anypo,Pi G Oh{g), n > 0, we have D{F„(^{po,pi)) C F„(^{po,pi). 
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(2) For anypo,pi e Oh{g), we have D{Qg{po,Pi)) C FiQg{pa,pi). 

(3) For any Pq,Pi £ Oh{Q), there exists v > such that D'^{FiQQ{pQ,pi)) C 
F2Qg{po,Pi)- 

Then for any po,Pi G Oh{Q) the series cxp(D) = X]n=o(V^')^" converges 
and is a Q-linear homeomorphism of QQ(po,pi). Moreover, if D' G Der(Qt/) 
satisfies the above conditions and exp(Z3) = exp(£''), then we have D ~ D' . 

Assume that D G Der(Q5) satisfies the assumption of Lemma [3.21 It is a 
formal consequence of the Leibniz rule that exp(D)(ui;) = (exp(Z))u)(exp(_D)i>) 
for any po,pi,P2 e Oh{g), u G Q^(po,Pi), and v G Q^(pi,P2). Thus exp(£)) 
is an automorphism of the small category Q(y acting on the set of objects 
as the identity. Moreover, by the condition (2) of the assumption of Lemma 
13.21 the automorphism exp(D) preserves the augmentation in the sense that 
augoexp(L») = aug: <^Q{po,pi) -^ Q for any po,Pi G Ob(5). 

3.3 Fundamental groupoid 



Let us consider the construction in gO] for surfaces. Let S be an oriented 
surface. For poiPi G S, let 

n5(po,Pi) = [([0,l],0,l),(5,Po,Pi)] 

be the homotopy set of paths from po to pi . Throughout this chapter, we often 
ignore the distinction between a path and its homotopy class. 

Let -E be a non-empty closed subset of S*, which is the disjoint union of 
finitely many simple closed curves and finitely many points. We denote by 
IVS\e the fundamental groupoid of S based at E. Namely, the set of objects of 
IiS\E is E, and the set of morphisms from pq € E to pi £ E is IiS{pQ,pi). The 
product of morphisms is induced by conjunction of paths. ForpoiPi & E we de- 
note QIlSipo,pi) and OILS' (po, Pi) instead of 05^(^0,^1) andQILSfB(po,Pi), 
respectively. 



3.4 Dehn-Nielsen homomorphism 

Let S and E be as in ^3.31 We define the mapping class group of the pair 
{S, E), denoted by J^{S, E), as the group of diffeomorphisms of S* fixing EUdS 
pointwise, modulo isotopies fixing E U dS pointwise. li E d dS, we denote 
M{S, dS) or M{S) instead oi A4{S, E). Unless otherwise stated we ignore the 
distinction between a diffcomorphism and its mapping class in A^ (S", E) . 

The mapping class group J\A{S,E) acts naturally on the groupoid IIS'I^;. 
Let Aut(nS'lE) be the group of automorphisms of the groupoid IiS\E acting 
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on the set of objects as the identity. If (p is a diffeomorphism fixing E U dS 
pointwise, then for any po,pi £ E and any path £ from pq to pi the path ip{i) 
is from pq to pi. Moreover the homotopy class (p{i) € IlS(jio,pi) depends only 
on the isotopy class of (p and the homotopy class oil. In this way (the mapping 
class of) <p induces an automorphism of IIS'I^;, giving a group homomorphism 

DN : M{S, E) -> Aut(n5|is). (3.2) 

We call it the Dehn-Nielsen homomorphism. 

We are interested in the case that DN is injective. We say S is of finite 
type, if S* is a compact oriented surface, or a surface obtained from a compact 
oriented surface by removing finitely many points in the interior. 

Theorem 3.3. Suppose S is of finite type and any component of S has the 
non-empty boundary, E C dS, and any connected component of dS has an 
element of E. Then the homomorphism DN: Ai{S,dS) — > Aut(n5'|B) is in- 
jective. 

To prove Theorem l3.31 we argue as follows. Let ip G Ai{S, OS) and suppose 
DN((^) = 1. Take a system of proper arcs in S such that the surface obtained 
from S by cutting along these arcs is the union of disks and punctured disks. 
Since DN(iy9) = 1, we may assume that ip is identity on these arcs. Finally we 
deform ip out side of these arcs to the identity to conclude that p = 1. For 
more detail, sec the proof of Theorem 3.1.1 in |33j . 

Let Aut(QnS'|£;) be the group of automorphisms of the small category 
QII^Ie acting on the set of objects as the identity and on the set of morphisms 
Q-linearly. Further, let QIIS'Ib be the completion of QIIS'Ib introduced in 

§3.11 We introduce the group Aut(QnS'|_E) by the same manner as for QnS'|_E 
except for considering only the automorphisms acting on the set of morphisms 
continuously. Then we have natural group homomorphisms Aut(nS'|£;) — >■ 

Aut(QnS'lB) and Aut(QnS'|£;) -^ Aut(QILS|E). By post-composing them to 
DN, we get a group homomorphism 

DN: M{S,E)^ Aut(Qn5r£;) 

which we call the completed Dehn-Nielsen homomorphism. 

For technical reasons and topological considerations, we introduce a sub- 
group of Aut(QnS'|£;) in which the homomorphism DN takes value. 

Definition 3.4. Define the group A{S,E) as the subgroup of Aut(QnS'|£;) 
consisting of automorphisms U satisfying the following conditions. 

(1) If 7 G IlS{po,Pi) is represented by a path included in E, then U{'y) — 7. 

(2) Wc have aug oU ~ aug: QIlS{po,Pi) — > Q for any po,pi £ E. 
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(3) We have AU = (t/§C/)A: mS{pa,Pi) -^ ^nSipo,Pi)®QnS{po,Pi) for 
anypo,Pi G E. 

By (3), any U £ ^(5*, -E) preserves the group-hke elements of QIIS'Ib. For 
any (p G j\4{S,E), the element DN(iy9) satisfies the three conditions above. 
Note that DN((p) satisfies (1) since ip fixes E \J dS pointwise. Thus we can 
write 

DN: M{S,E)^A{S,E). (3.3) 



If S and E satisfy the assumption of Theorem 13.31 the fundamental group 
of each component of S" is a finitely generated free group. Then for any p £ E 

the natural map 7ri(S',p) — >■ Q7ri(S',p) is injective, since Pli^i ^""il-^'-P)" = 
(see [46]). It follows that for any po,Pi G E, the natural map IlS{po,pi) —)■ 
QIlS{po,pi) is also injective. 



Corollary 3.5. If S and E satisfy the assumption of Theorem 13.31 the com- 
pleted Dehn-Nielsen homoniorphisni (|3.3p is injective. 



3.5 Cut and paste arguments 

Notice that the construction of Q5 and Qt/ for a groupoid Q is functorial. 
If 5 is a subsurface of an oriented surface S", and E C S and E' C S' are 
closed subsets as in §3.31 such that E C E' , then the inclusion map S ^^ S' 
induces a groupoid homomorphism from 115 !£■ to IIS'\e', called the inclusion 
homomorphism. In this subsection we study certain kind of cut and paste 
arguments associated to the inclusion homomorphism. 

First we show the easier half of the van Kampen theorem for 115*1 £. Let 5 
and E be as in §3.3( and let Si and 52 be closed subsurfaces of 5 such that 
5i U 52 = 5 and 5i fl 52 is a disjoint union of finitely many simple closed 
curves on 5. We further assume that for i = 1,2, the set Ei := Si Ci E is a, 
disjoint union of finitely many simple closed curves and finitely many points, 
and any connected component of 5i fl 52 has an element of E. We denote 
C,:=IlS,\E„i = l,2. 

We claim that 115 j^; is "generated by Ci and C2". To formulate this claim 
we prepare some notations. For po,pi G E, we denote by £{po,pi) the set of 
finite sequences of points in _E, A = {qo, qi, . . . ,qn) S -E"'*'^, n > 0, such that 

(1) We have qg = pq and g„ = Pi, 

(2) For 1 < j < n, either {qj-i,qj} C 5i or {17^-1, g^} C 52. 

Further let be £(jio,pi) the set of pairs (A, /i), A — {qQ,qi, . . . ,q„) G £{po,pi), 
Id = (/ii,...,^„) e {1,2}" such that {qj-i,q.j} C 5^^. for any 1 < j < n. 
For (A,m) e SiPo.Pi), we set QC(A,/.t) := (gj^Li QC^,fe-i,gj)- Then the 
multiplication map QC{X,fi) — > QIlS{po,pi) is defined. 
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Proposition 3.6 (the easier half of the van Kampen theorem, [33]). Keep the 
notations as above. For any pQ,pi G E the multiplication map 

(g) QC{X,^i)^QIlSipo,Pl) 
{x,fi)e£{po,pi) 

is surjective. 

We next consider the forgetful homomorphisms. Let S and E be as in 
i|3.3[ and we assume that S is of finite type and has the non-empty boundary. 
If C is a simple closed curve on Int(S') \ E, we can consider the forgetful 
homomorphism A4{S,E U C) — ?> Ai{S, E), and the kernel of this is generated 
by push maps along simple closed curves on Int(S') \ {E U C) parallel to C. 
This can be proved by a standard argument found in e.g., [TS] §3.6. Wc shall 
give a corresponding result for ^(5*, E). 

Let Ci C Int(5) \ E, 1 < i < n, he disjoint simple closed curves not nuU- 
homotopic in S. Set Ei := lJi=i ^i- The inclusion homomorphism HS'ls — >■ 
n5|_BuBi naturally induces the forgetful homomorphism 0: A{S,E U Ei) — >■ 
A{S,E). Wc study the kernel of 0. For dcfinitcncss, we fix an orientation of 
each curve Ci, 1 < i < n. For \ < i < n and p £ Ci, we denote by rji^p the 
loop Ci based at p. We can regard that rjip e Tri{S,p). Then for a rational 
number a G Q, we can define 

vlp ■= exp(alog?7j,p) e Qtti{S,p). 

Proposition 3.7 ([33]). Keep the notations as above. Let U G A{S,E U Ei) 
and suppose 4>{U) = 1 G A{S,E). Then there exist rational numbers ai = 
a,f G Q, 1 < i < n, such that for any po,Pi £ E U Ei and v G QIlS{po,pi), 
we have 



Uv 



Morally, this proposition says that the kernel of (p is generated by "rational 
push maps" along Ci. 



4 Operations to curves on surfaces 

Let 5* be an oriented surface. In this section wc consider several operations to 
(the homotopy classes of) curves on S. Here a curve on S means a loop or a 



V, 


ifPo-,Pi e E, 


"■in 

%"po^^ 


ifpo e C,„, Pi G E, 


-(C^J-^ 


if Pa eE,pi eC,,, 


'txo,Pa'^y'lii,Pi> ' 


if Pa G C,o, pi G C,i 
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path on S. These operations are first defined for curves in general position, 
then shown to be homotopy invariant. 

The quite natural but important property of these operations is that they 
are equivariant with the action of the mapping class group. In later sections 
we will see applications of this fact. Rather technical but worth mentioning 
is that these operations are compatible with filtrations on the Q- vector spaces 
based on curves coming from the augmentation ideal of Q7ri(S') (see SJ3|). This 
point will be explained in ij4.5l 

We say that a curve on S is generic if it is an immersion and its self 
intersections consist of transverse double points. Likewise, we say that finitely 
many curves on S are in general position if each of the curves is generic and 
their intersections consist of transverse double points. We often identify a 
generic curve, which is a map to S, with its image, which is a subset of S. 

For simplicity, we will consider over the rationals Q. However, all the 
constructions in this section works well over the integers Z as well as over any 
commutative ring with unit. 



4.1 Goldman- Turaev Lie bialgebra 

Let Tr{S) = [S*^, S] be the homotopy set of oriented free loops on S. For p & S 
we denote by | | : 7ri(S') = Tri{S,p) — !• 7r(5') the map obtained by forgetting the 
base point of a based loop. If S is connected, | | is surjective. Let Q7t(S') be 
the Q-vector space with basis the set 7r(5). The map | | extends Q-linearly to 
I \:Q7r,iS)^qiT{S). 

Let us recall the definition of the Goldman bracket. We use the intersection 
of two generic oriented loops on S. Let a and /? be oriented loops on S in 
general position. For each p G a fl /3, let e{p;a,f3) G {±1} be the local 
intersection number of a and /3 at p. Also let ap be the loop a based at p and 
define Pp similarly. Then the conjunction ap/3p G 7ri(S',p), and \ap/3p\ G 7r(5) 
are defined. The Goldman bracket |17| of a and /3 is 

[a,/3]:= ^ eip;a,P)\apPp\eQfriS). (4.1) 

Theorem 4.1 (Goldman [T7]). The Goldman bracket (14.11) induces a Lie 

bracket [ , ] : Q7r(5') ® Qtt{S) -^ QTf{S). 

We call Q7r(5) the Goldman Lie algebra of S. Goldman introduced this 
Lie algebra along the study of the Poisson bracket of two trace functions on 
the moduli space of flat G-bundles IIom(7ri (5*), G)/G', where G is a Lie group 
satisfying very general conditions. The proof of Theorem 14. II goes as follows. 

(1) To prove that the Goldman bracket is well-defined, it suffices to check 
that [a, /3] is unchanged under the three local moves in Figure 1. For, 
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(wl) birth-death of monogons 
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(lo2) birth-death of bigons 



/ x 



c^ 




(wS) jumping over a double point 





Figure 1. the tliree moves 



every pair of free loops on S is homotopic to a generic pair of free loops, 
and if two generic pairs of free loops on S are homotopic to each other, 
then they are related by a sequence of the three moves. For another 
proof using twisted homology, see [31] Proposition 3.4.3. 

(2) To prove that the Goldman bracket is a Lie bracket, one needs to check 
that it is skew-symmetric and satisfies the Jacobi identity. The skew- 
symmetry is clear from (j4.ip since |Q;p/3p| = |/3pQ;p| and e(p;a, /3) = 
— e(p;/3,a) for p G a fl /3. To prove the Jacobi identity, take three free 
loops a, /3, 7 in general position. Then one can directly check [a, [/3, 7]] -f 
[/3,[7,a]] + [7,[«,/3]]==0using6Il). 



In this section we will see statements similar to Theorem 14.11 e.g.. Theorems 
14. 2114. 3114. 51 and 14.81 They can be proved by the same method as above. Note 
that if S" = Wy^ S\ is the decomposition of S into connected components, then 
Q^(S') = 0;^Q7r(S'A) as Lie algebras. 

Next let us recall the definition of the Turaev cobracket. We use the self- 
intersection of a generic oriented loop on S. For simplicity and a direct sum 
decomposition given in the last sentence of the proceeding paragraph we as- 
sume that S is connected. We denote by 1 G Tr{S) the class of a constant loop. 
The Q-linear subspacc Ql is an ideal of Q7r(S'). We denote by Q-S-'(S') the quo- 
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tient Lie algebra Q7r(5)/Ql, and let w: Q7r(5) -^ Q7r'(S') be the projection. 
We write | I' := w o | | : Q7ri(S') -^ Q7r'(S'). 

Let a: S^ — )• 5' be a generic oriented loop. Set D = D^ :— {(^1,^2) S 
S^ X S^;ti ^t2,a{ti) ~a{t2)}. For (^1,^2) e D, let Of^t^ (resp. atatj be the 
restriction of a to the interval [^1,^2] (resp. [^2, h]) C S^ (they are indeed loops 
since a(ti) = 0(^2))- Also, let e{a{ti),a{t2)) G {±1} be the local intersection 
number of the velocity vectors a(ti) £ T^(^i.\S, i = 1,2. The Turaev cobracket 
[Tg of a is 



E 

(ti,t2)e-D 



<5(a):= V e(d(ti),d(t2))|atitJ'«'|at.*J'eQ7r'(5)®Q7r'(5). (4.2) 



Theorem 4.2 (Turaev [73], the involutivity is due to Chas |^). The Turaev 
cobracket (|i?^ induces a Lie cobracket 5: QTr'{S) ^ QTr'{S) ® Q7r'(5'). More- 
over, the <Q-vector space Q7r'(S') is an involutive Lie bialgebra with respect to 
the Goldman bracket and the Turaev cobracket. 

To be more precise we have the following. 

(1) The space Q7r'(5) is a Lie algebra with respect to the Goldman bracket. 

(2) The space Q7r'(S') is a Lie coalgebra with respect to the Turaev cobracket. 

(3) We have 5[u,v] = cf{u){5v) — a{v){5u) for any u,w e Q7r'(5'). Here 
a{u){v ® w) ^ [u,v] ® w + V ® [u,w\ for u,v,w £ Qir^S). 

(4) We have [ , ] o ,5 = 0: Q7r'(S') -^ Qtt'{S). 

The condition (3) is called the compatibility, and (4) is called the involu- 
tivity. We call Q7r'(5') the Goldman- Turaev Lie bialgebra. He introduced this 
Lie bialgebra along the study of a skein quantization of Poisson algebras of 
loops on surfaces, and he showed that some skein bialgebra of links in S* x [0, 1] 
quantizes the Goldman- Turaev Lie bialgebra ([79] Theorem 10.1). 



4.2 The action of free loops on based paths 

We introduce an operation denoted by a, using the intersection of an oriented 
loop and a based path in general position. Let S and E be as in §3.31 Put 
S* = S\{E\dS). Note that S* = S ii E c dS. We show that the Goldman 
Lie algebra QTt{S*) acts on QH^I^; by derivations. 

Take two points *0: *i S E which are not necessarily distinct. Let a be an 
oriented loop on S* and /?: [0, 1] — > 5 a path from *o to *i, and assume that 
they are in general position. For p G an/3, let e{p; a, (3) be the local intersection 
number as before. Also let /3*Qp be the path from *o to p traversing /3, and 
define /3p*j^ similarly. Then the conjunction j3^,gpapj3p^-^ G n5(*o, *i) is defined. 
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Set 

a(a®^):= ^ e{p;a, (3)p,,papP,„, e QIIS{'^o,*i)- (4.3) 

Theorem 4.3 ([31]). The formula (|4.3P induces a Q-linear map a: Qn{S*) (g) 
Qn5'(*o,*i) — >• QnS'(*05*i). Moreover, with respect to a and the Goldman 
bracket, the vector space QIIS{*q, *i) is a left Q'k{S*)-module. 

Recall that 1 G Tr{S*) denotes the class of a constant loop. We have 
cr(l ® v) = for any v G Qn5'(*o,*i). Thus a naturally induces a map 
Q7r'(S'*) (g)QnS'(*o, *i) -> QnS'(*o, *i), which we denote by the same letter a. 
For u S Qtt^S*) and m G QnS'(*Q, *i) we often write a{u)m or um for short 
instead of a{u ® m). That QnS'(*o, *i) is a left Q-n'(S'*)-module means 

[u, v\m = u{vm) — v{um) 

for u,v e Qtt{S*) and jti G QnS'(*o,*i). 

If we consider not only a single pair (*o, *i) but also all the ordered pairs of 
elements of E, we obtain a derivation of QIIS'Ib. First notice that the operation 
a satisfies the Leibniz rule in the following sense. For any *o, *i, *2 ^ E and 

a G Qtt{S*), /3i G QnS'(*o, *i), ^2 e QnS'(*i, ^2), we have 

a(a)(/?i/?2) = ((T(a)/3i)/32 +/?i(a(a)/?2). (4.4) 

This shows that for any a G Qfr{S*) the collection a{a) ~ a{a)^g,^-^, *o,*i S 
E, determines a derivation of QXIS'I^; in the sense of ij3.2l Thus we get a 
Q-linear map 

a:Qn{S*)^DcriQUS\E), (4.5) 

and by the second sentence of Theorem 14. 3[ this is a Lie algebra homomor- 
phism. As a special case, li E = {*} is a singleton with * G dS, the group 
ring Q7ri(5', *) is a Q7r(S')-module and we have a Lie algebra homomorphism 

a: Qtt(S) -^ Der(Q7ri(S', *)). Note that for any u G Qtt{S) and v G ^711(5", *) 
we have 

[u,\v\] = \a{u(S)v)\. (4.6) 

4.3 Intersection of based paths 

Take points *i, *2, *3, *4 on the boundary of S. We define a Q-linear map 

k: Qns'(*i, *2) ® Qns'(*3, *4) -^ Qns'(*i, *4) «> Qn5(*3, *2), 

using the intersection of two based paths in general position. Then we show 
that this is closely related to an operation called the homotopy intersection 
form by Massuyeau and Turaev |49] . 
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Figure 2. the base points * and • 



First we discuss the most generic case. Namely, we assume {*i,*2} H 
{*3, *4} = 0- Let x: [0, 1] — ?► 5 be a path from *i to *2 and y: [0, 1] -^ S a 
path from *3 to *4, and assume that they are in general position. Set 



(4.7) 



i^{x,y) : = - ^ £{p;x,y){x^^pyp^J ® (y^jpXp^J 

e Qns'(*i, *4) Qn5(*3, *2)- 

Here x*jp is the path from *i to p traversing x, etc. One can show that ()4.7p 
gives rise to a well-defined Q-linear map 

k: Qns'(*i, *2) ® Qns'(*3, *4) -^ Qns{*i,*4) <» Qns'(*3, *2). 

The operation k is introduced in |34j . It satisfies the following product formula. 

Lemma 4.4. (1) Let *i, *2j *2j *3i *4 ^^ points on the boundary of S such 
that {*i,*2,*2} ^ 1*37*4} = 0- Then for any u G Qn5(*i,*2), v G 
QnS'(*2, *2) and w € QIIS{*3, *i), we have 



k{uv, w) = k(u, 'w){1 ® w) + (m (x) 1)k(w, w). 



(4.8) 



(2) Let *i, *2, *3, *4, *4 be points on the boundary of S such that {*i,*2}n 
{*3,*4,*4} = 0- Then for any u £ QnS'(*i,*2), v G Qn5(*3,*4) and 
w e QnS'(*4, *4), we have 



k{u, vw) = k(u, v)(w 1) + (1 CS) v)k{u, w). 



(4.9) 



Here, k{u,w){1 (E) v) is the image of k(u, w) ®v by the map Qn5'(*i, ^4) ® 

QnS'(*3,*2)®QnS'(*2,*2) -^QnS'(*i,*4)®QnS'(*3,*2), a®b®c^a(S>bc, 
etc. 

Next we consider the degenerate case. Let *i, *2, *3, *4 G 95" be points on 
the boundary of S and assume {*i, *2} H {*3, *4} ^ 0. To define n for this 
case, we move the points *i, *2 slightly along the negatively oriented boundary 
of S to achieve {*i, *2} H {*3, *4} = 0, then apply the formula (|4.7p . For more 
precise explanation we use an example, which is the most extreme. Namely, 
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let us consider the case *i = *2 = *3 = *4- Take a base point * G dS and pick 
an orientation preserving embedding v. [0,1] — ^ dS such that z^(l) = *. Set 
1/(0) — •. See Figure 2. Then we have three isomorphisms 7ri(5', *) = 7ri(5', •), 
X I— >■ vxv, Tri{S, *) ^ nS'(», *), X H' vx, and 7ri(S', *) ^ nS'(*, •), x i— ^ xV. Now 
we define 

k: Q-KiiS, *) Qtti{S, *) -> Q7ri(S', *) ® Q7ri(S', x=) (4.10) 

so that the diagram 

Q7ri(S',*)®Q7ri(S',*) —'^—^ Qtti{S,*) (g)QTTi{S,*) 



Q7ri(S',.)®Q7ri(S',*) — ^^ QUS {• , *) (E) QUS {* , •) 

commutes. Here the vertical maps are via the above isomorphisms, and the 
bottom horizontal arrow is the map already defined. To write down k in (|4.10p 
explicitly, let a be a loop based at •, and /? a loop based at * and assume that 
they are in general position. By the isomorphism t:i{S, *) = 7ri(5, •) given by 
i^, we regard that a represents an element of Tri{S, *). Then 

K(a,^):=- ^ e{p;a,(3){Va,p(3p^.)(g){l3^pap,iy). (4.11) 

Note this k satisfies (|4.8p (|4.9p for any u,v,w € Q7ri(S', *). By a similar way 
for any four points *i,*2,*3,*4 G 95, which are not necessarily distinct, we 
can define the operation k. Since we use only the most extreme case (j4.10p . 
we omit the detail of the construction. 

Post-composing -l®aug: Q7ri(5, *)(g)Q7ri(S', *) -^ Q7ri(5, *)(g)Q = Q7ri(S', *) 
to (|4.10p . we obtain a Q- linear map 

r/: QiTiiS, *) ® QniiS, *) -^ Q^i(5, *). 

By (|4.1ip . an explicit formula for rj is given by 

77(a,/3):= ^ e(p; a, /3)l7a.p^p, e Q^i(5, *), (4.12) 

pGQn/3 

where notations are the same as in the preceding paragraph. The map rj is 
introduced by Massuyeau and Turaev [49], and is called the homotopy inter- 
section form. It is actually a modification of the operation A: Q7ri(S', *) x 
Q7ri(S', *) — ^ Q7ri(S', *) introduced by Papakyriakopoulos [66] and Turaev 
[78j independently. The relationship between A and rj is given by A(a, /3) = 
77(a,/3)/3"^ for a,/? e 7ri(5, *). By (|48| (|4J)) . we have the following, which is 
essentially due to Papakyriakopoulos [66] and Turaev [78] . 
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Proposition 4.5 ( [49j ) . The homotopy intersection form satisfies the follow- 
ing identities: 

r]{aia2,l3) = 7;(ai,^)aug(a2) + airi{a2, P), 

via, p^h) = rj{a, Pi)h + aug(/3i)7?(a, P2): (4.13) 

where a, ai, q;2, /3, /3i, /32 G Q7ri(5, *). Here aug: Q7ri(S', *) — ^ Q is the aug- 
mentation map. 

In |49| . a bilinear pairing on tlie group ring satisfying (|4.13p is called a 
Fox pairing. In their theory, given a Fox pairing one can consider its derived 
form. Actually the derived form 77 turns out to be a. Let u,v £ Q7ri(S', *). 
The element v is uniquely written as v = X]a;Gir '-■^^ where Cx S Q. We denote 
u" = Y^xeii CxX-^ux. We define a Q-linear map cr'' : Q7ri(5', *) ® Q7ri(S', *) -^ 
Q7ri(S', *) by setting a'^{x ®y) = yix^^^'"^^) for x,y G 7ri(S', *) and extending 
Q-linearly to Q7ri(S', *) (g) Q7ri(5, *). In [49], a"^ is called the derived form of 
7]. From (|4.13p . wc have 

a^{u, vw) = a^{u, v)w + va'^{u, w), 

a'^iuv, w) = a'^ivu, w) (4.14) 

for u,v,w € Q7ri(5, *). 

Lemma 4.6 (Massuveau-Turaev |49]). The composition of\ [(g)!: Q'Ki{S,*)C^ 
Q7ri(5', *) -^Q^(S') 0Q7ri(S', *) and cr: Q7r(S') ® Q7ri(S', *) -> Q7ri(S', *) coin- 
cides with the map cr''. 

We end this subsection by a remark that one can recover k from 77. 

Proposition 4.7. Let k be the map in (|4.10l) . W^e /laue 

K = -(1 m)(l 1® to)P243i(1 ® ((1 ® O^??) ^ 1)(A (g) A). 

Here, 1 is i/ie identity map, A, t, and ttj are t/ie coproduct, the antipode, and 
the product of the group ringQiriiS, *), and P2431 : Q-^iiS, *)'*'' -^ Q7ri(S', *)«'4 
is the Q-linear map given by P243i(a;i (g) X2 g) 2:3 (g) 2:4) = X2 g) 2:4 g) xa g) xi . 

4.4 Self intersections 

Take two points *o, *i on the boundary of S. We define a Q-linear map 

H: QnS{*Q, *i) ^ Qn^(*o, *i) ® Qrr'iS), 

using the self intersections of a generic path from *o to *i. Then we mention 

a certain product formula for /i and a relationship with the Turaev cobracket. 

First we consider the general case *o 7^ *i. Let 7: [0, 1] — > S* be a generic 

path from *o to *i. Wc denote by F C S* the set of double points of 7. For 
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per, we denote 7"Hp) = {ii,*2}' so that t{ < ff. Let e{j{t{),'^{tl)) be the 
local intersection number as in §4.11 We also define 704? to be the restriction 
of 7 to the interval [0,t^], and define 7jP]^ and 7^?^? similarly. Set 

m(7) ■■=-Y1 ^(^(^1)' 'T(*2))(7otnt5i) ® h-q I' e Qn5(*o, *i) ® Qrr\S). 
per 

(4.15) 
One can show that this gives rise to a well-defined Q- linear map /i : QnS'(*o, *i) ^' 
Qn5(*o,*i) ®Qtt'{S). Next we consider the case *o = *i- Let * S 95", 
ly: [0, 1] -^ dS, and • = i/(0) be as in < j4.3l Then we have an isomorphism 
V. Q7ri(S', *) = QnS'(*,*) = QnS'(»,*), u ^ vu. We define /i: Q7ri(S', *) -J> 
Q7ri(S', *) (g) Q^'(S') so that the diagram 

Q7ri(5,*) -^^ Q^i(5,*)®Q7r'(5) 

1/ fig)! 

QHS^C.,*) — ^^ Qn5(.,*)®Q7r'(5) 
commutes. 

Theorem 4.8 ([51]). The Q-vector space QnS'(*o,*i) is an involutive right 
QTT'{S)-bimodule with respect to a and /i. 

To be more precise we have the following. 

(1) The space Qn5(*o,*i) is a left Q7T'(S')-modulc with respect to <t (see 
Theorem 14. 



(2) The space QnS'(*oi*i) is a right QTr'{S)-comodule with respect to /i. 
That is, the diagram 

QnS'(*o,*i) — ^^ QnS{*Q,*i)(E)QTT'{S) 

QIIS{*o,*i)<E)Qtt'{S) (i^(i~^))(^^i)> QnS{*o,*i)<E)QTT'{S)(E)QTT'{S) 

commutes. Here S is the Turaev cobracket and T: Qtt'{S) Q7r'(S') -^ 
Qtt'{S) (E) QTr'{S), u^vi-^v^uis the switch map. 

(3) The operations a and fi satisfy the compatibility in the sense that 

a{u)ii{m) — ii{a{u)m) ~ {a ® \){\ ® 5){m (§3 ?/) = 

for u e Q7r'(S'), m e Qn5(*o,*i)- Here a: QnS'(*o,*i) Q7r'(5') -^ 
Qn5(*07 *i) is given by 'W{m ®u) = —a{u m), and a{u)^{m) = (cr (8) 
l)(u ^J.{m)) -t- (1 (g) ad(u))^(m). 
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(4) The operation s a and /i satisfy the involutivity condition 

an = 0: Qns{*o, *i) ^ Qns{*o, n)- 

The operation fi is introduced in |34| . and inspired by Turaev's self inter- 
section fi = fi'^ : 7ri(5, *) -^ Z'Ki{S, *) in [75] §1-4. Indeed, for any 7 g 7ri(5', *) 
we have /^'^(7)7 = —(1 <E) e)/x(7), where e: Q7r'(S') —!• Q is the Q-hnear map 
given by e{w{a)) = 1 for a G 7r(5') \ {1}. 

We end this subsection by stating two rcsuhs about fi. The first one is 
a certain product formula, and the second one is a relation with the Turaev 
cobracket. 

Lemma 4.9. For any *i, *2, *3 G E and u G Qn5(*i, *2), v G QnS'(*2, *3), 
we have 

fi{uv) = fi{u){v 1) + {u ® l)fi{v) + (1 ® I \')k{u,v). 

Here fi{u){v 1) is the image of fJ.{u) ® v hy the map Qt:i{S, *) (8) Q7t'(5') (^ 
Qni{S, *) -^ Qni{S, *) (g) Q7r'(S'), a(E}b^c^ac^b, etc. 

As a corollary, for any n > 2 and *Q,...,*n G dS, Ui G QnS'(*i_i, *i), 
1 < i < n, we have 



^(-ui • • • u„) = ^((""1 • • • "i-i) <8> l)/i(uj)((ui+i • • • u„) ® 1) 

4=1 

+ ^((Ul • • • U^-^) ® l)K^J{{uJ + l ■■■Un)® 1), (4.16) 

where Ki^j = (1 | \'){K,{ui,Uj){\ ® (wi+i • • -Uj^i))). 

Proposition 4.10. The following diagram is commutative: 

Q7ri(5,*) — ^^ Q7ri(S',*)®Q7r'(S') 
I I'l (1-T)(| |'»i)| 

Q7r'(5) — ^ Q7r'(S')®Q7r'(S') 

4.5 Completions of the operations 

We shall see that the operations we have considered extends naturally to com- 
pletions. 

First of all let us introduce a filtration of the vector space Q7t(5) and its 
completion. Recah from ij4.1l thc map | |: Q7ri(S') — !> Q7t(5). Note that the 
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constant loop 1 is always in the kernel of the homomorphism (|4.5|) . For ?i > 0, 
set 

Q7r(5)(n):=|Ql + (/7ri(5)r| 
and QTT'{S){n) ■- tu(Qfr(5)(n)). Wc define the Q-vector space Q^{S) by 
0^(5) :- \^Qn{S)/Q7r{S){n) - \^Qfr'{S)/Q7r'{S){n), 

n n 

and introduce its filtration by 

Q^iS){n) := Ker(Q^(S') ^ QTr{S)/Qfr{S){n)), n>0. 

The map | | naturally induces a Q-linear map | |: Q7ri(5) -^ QTr{S). We 
understand that if n < 0, QT:{S){n) = Qt:{S). 

Proposition 4.11 ([33] [M])- Let m,n be integers > 0. 

(1) Let S and E he as in ! j3.3[ For any *o, *i G E we have 

a (Q^(5*)(m) ® ^„Qn5(*o, *i)) C F„+„_2Qn5(*o, *i). 

(2) For any *q, *i G dS we have 

Ai(F„Qn5(*o,*i))c Y. ^pQn5(*o,*i)®Q7r'(5)((z). 

p-fg— n— 2 

We remark that (2) follows from (|4.16p . As an immediate consequence, we 
see that a and /i extends to completions: 

a: Qn{S*)®mS{*o, *i) ^ Qn5(*o, *i), 

/i: Qn5(*o, *i) ^ QnS'(*o, *i)®Q^(5'). (4T7) 

Here ® means the complete tensor product. From (|4.6p and Proposition I4T0| 
we have the following corollary to Proposition |4TT] 

Corollary 4.12. (1) Foru G Q7r(5')(m) andv G Q,%{S){n), we have [u,v] G 
Q7r(S')(m-|-ri — 2). In particular, the Goldman bracket naturally induces 
a complete Lie bracket [ , ] : Qi(S')®Q^(S') -^ 0^(5"). 

(2) IIue^n'{S){n),then5{u)€Y.p+q=n-2'^^'{S){p)®([in'{S){q). In par- 
ticular, the Turaev cobracket naturally induces a complete Lie cobracket 

5:Q%{S)^^f{S)®Q%{S). 

It is easy to see that the completed Lie bracket and cobracket on Q7r(S') 
inherit the compatibility and the involutivity from those on Q7r'(S'). Wc call 
Q7r(S') the completed Goldman- Turaev Lie bialgebra. Also if *Oi*i G dS, the 
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vector space QnS'(*o,*i) is a complete QTT{S)-bimodule with respect to the 
completed operations (|4.17|) . 

Let S" be a compact connected oriented surface with non-empty boundary, 
and E C dS a finite subset consisting of one point from each component of 
the boundary dS. Then we have S* = S, so that the homomorphism (|4.5p 

induces a Lie algebra homomorphism a: Qn{S) -^ Der(Qn5|B). We denote 
by Dera(QnS'lB) the Lie subalgebra consisting of continuous derivations on 
Qni'ls annihilating all based loops inside the boundary OS. Clearly it includes 
the image cr(Q7r(5)). The following is an inifinitesimal version of the Dehn- 
Nielsen theorem in 331 

Theorem 4.13. Let S and E be as above. Then the Lie algebra homomor- 
phism 

is an isomorphism. 

The injectivity is proved in |33| . The proof of the surjectivity, which follows 
from a tensorial description of Q7t(S'), will appear in our forthcoming paper 
[35] . in §7.21 we will give an outline of the proof. 

Finally we consider k and rj. From Lemma |4.4[ for any integers ?Ti, n > 0, 
and points *i 6 dS, 1 < i < 4, we have 

K{FraQnS{*i,*2) ® i^„Qn^(*3, *4)) 
p+q—7n~\-n — 2 

We conclude that k extends naturally to completions: 

k: QrLS(*i, *2)®QrLS(*3, *4) ^ OTLSC*!, *4)®QnS'(*3, *2), 
and by 77 := (—1 (g) aug)^ so does 77: 

We end this section with a couple of remarks. 

Remark 4.14. (1) In later sections we consider the logarithms on the com- 
pleted group ring of the fundamental group of the surface, which is de- 
fined by a formal power series with coefficients in Q. Thus we have to 
work with coefficients in a commutative ring including Q. For simplicity 
we confine ourselves to the case of Q. 

(2) To define k for the degenerate case {*i, =1=2} n {*3, ^4} ^ 0, we move the 
points *i,*2 slightly along the negatively oriented boundary. However 
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Figure 3. the right handed Dehn twist 



this is not a unique way. Our aim is to achieve {*i,*2} H {*3,*4} = 
by moving the endpoints of paths we eonsider. We may move the 
points *i, *2 slightly along the positively oriented boundary, etc., and we 
obtain a similar but different operation. A similar matter occurs for the 
definition of /^. It is possible and might be desirable to develop this point 
in full generalities, but here we avoid it for simplicity. Our convention, 
in particular the choice of * and • in Figure 2, follows that of Massuyeau 
and Turaev l49l. 



5 Dehn twists 



Let S be an oriented surface and C C S \ dS a simple closed curve. The 
right handed Dehn twist along C, denoted by tc, is a diffeomorphism of the 
surface as in Figure 3. By definition, a Dehn twist is local in the sense that the 
support of tc is contained in a regular neighborhood of C. Dehn twists play 
a fundamental role in study of the mapping class group from combinatorial 
group theory. For example, they give a generating set for the group, cf. Dehn 
[TU] , Lickorish [33] and Humphries [35] , and a finite presentation of the group 
can be given in terms of Dehn twists. The explicit presentation given first was 
Wajnryb [80] based on a result of Hatcher- Thurston [21], see also Matsumoto 
[52] and Gervais [16] . 

In this section, we introduce an invariant of unoricnted closed curves on 
5", and using this invariant we give a formula for the image of tc by the 
completed Dehn-Nielsen homomorphism (|3.3p . The formula naturally leads 
us to introducing the generalized Dehn twist along an unoriented loop which 
are not necessarily simple. This generalization takes value in A{S, E), a group 
introduced in i j3.4l We can ask whether a generalized Dehn twist comes from 
a diffeomorphism of the surface. We partially give a negative answer to this 
question. 
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5.1 The logarithms of Dehn twists 

Let S and E be as in g331 Recall that S* = S\{E\dS). The homotopy set 
Tr{S*) = [S^, S*] has an involution which maps each 7 6 7r{S*) to 7, the loop 7 
with the reversed orientation. An unoriented loop on S* means an element of 
the quotient set 7r(S'*)/(7 ~ 7). We say that a (based) oriented loop x on S* 
represents an unoriented loop 7 on 5** if a suitable lift of 7 to [S^, S*] equals 
(the homotopy class of) x. As in SJH we often identify an unoriented loop on 
5'* with its image. Likewise we use the word "generic" for unoriented loops 
with the same meaning as before. 

Let us consider the formal power series L{t) := (l/2)(logi)^ G Q[[t — 1]], 
where logi = Er=i((-l)""V")(i - !)"• 

Definition 5.1. Let 7 be an unoriented loop on S* \ dS. Take a base point 
q E S* on the connected component of S* containing 7, and a based oriented 
loop X G Tri{S*,q) representing 7. Set 

L{j):^\L{x)\eQ7T{S*){2). 

Here | |: QTTi{S*,q) -^ Q7t(5*) is the map introduced in MM Since 
L{t) = (l/2)(i- 1)2 + (higher term), we have L{x) e FaQT^^^S^*) and \L{x)\ e 
QTr{S*){2). The element L{^) does not depend on the choice of q and x, 
because the operation | | is conjugate invariant and L{t) = L{t^^). 

We show that the invariant ^(7) gives rise to an element of A{S, E). Recall 

from ij3.2l the Lie algebra Der(QnS'|£;) and its Lie subalgebra DerA(QnS'|_E)- 
By Proposition l4.11l (1) (see also (|4.17p ). the Lie algebra homomorphism (|4.5p 
induces a Lie algebra homomorphism 

a: 0^(5*) ^ Dcr(QnSV)- (5-1) 

We claim that for any unoriented loop 7 on 5* \ dS, the derivation a{L{'^)) 
belongs to DerA(QnS'|B). To see this, take an oriented loop a representing 7. 
Let *o, *i & E and take a path /? from *o to *i, and assume that a and /3 are 
in general position. It is sufficient to show that Acr(I/(7))/3 = {a{L{'^))®l + 
1^ct(L(7)))A/3. For n > 0, we have (T(a")/3 = Epean/3 "^fe "'^)/3*op"p/?P*ii 
thus for any formal power series f{t) G Q[[i — 1]] we have 

o'(/(a))/?= X! /5*op"p/'("p)/5p*i- 

Here f'{t) is the derivative of f{t). In particular, since L'{t) ~ (logi)/i, 
CT(i(7))/3= X! £(P;"'/5)^*op(logap)/3p*i- 
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^ ^ — — — §2 

On the other hand, A(logQ;p) = logap<Sil + l®logap G Qtti{S*,p) . Thus 
Act(L(7));3= Y^ e(p;a,/3)(/3*„j,®/3,„p)(logap§l + l§logap)(;3p*,§^p*J 

=((7(i(7))/3)i/3 + /3§(a(L(7))/3) = (<7(L(7))il + l®a(L(7)))A/3, 
as was to be shown. 

Lemma 5.2 ([33]). The derivation a{L{'y)) G Der(QnS'|£;) satisfies the three 
assumptions of Lemma 13.21 



For the proof of this Lemma we refer to [33] Lemma 5.1.1. We remark 
that for any =i=o,*i G E we can take z/ = 2 in the assumption (3), and this 
corresponds to the following fact. Using the intersection form ( • ) : Hi{S*) (^ 
Hi{S*,dS*) — > Q on the surface, we can assign any X G Hi{S*) an endo- 
morphism Dx of Hi{S*,dS*) given by DxiY) = {Y ■ X)X. Since ( • ) is 
skew-symmetric, the square of Dx is zero. 

Following the construction in iJ3.2l we obtain exp((7(L(7))) G Aut(Qn5|£;). 
In fact, we have exp(cr(L(7))) G A{S,E), where A{S,E) is the group in- 
troduced in Definition 13.41 The condition (1) follows from the fact that 
if a G Q7r(S'*) and a path (3 G n5(*o,*i) are disjoint, then cr(a)^ = 0. 
The condition (2) is automatic (see the end of §3.2p . and (3) follows from 

a(i(7)) G DerA(Qn^B). 

Now we have finished the main construction in this section. The reason we 
are interested in exp((7(L(7))) comes from the following result. 

Theorem 5.3 (|33j). Let S and E he as in §3.3) and C a simple closed curve 
on S* \ dS, where S* = S \{E\ dS) . Then we have 

DN(ic) = exp(a(L(C))) G A(5,-B). 

Using a toy model, we illustrate how the formula in Theorem 15.31 comes 
up. Let 5* be an annulus and E ~ {pa,Pi} as in Figure 4. We consider 
the Dehn twist along a core C of 5. Take curves x and y as in Figure 
4. Then a; is a representative of C. For n > we have CT(|a;"|).T = and 
(T(|a;"|)j/ = nx"y. Thus for any formal power series f{t) G Q[[t — 1]] we have 
a{\f{x)\)x = and a{\f{x)\)y = xf'{x)y. In particular, since tL'{t) = logi 
we have a{L{C))x = and a{L{C))y = (loga;)y. By the Leibniz rule (|4.4p 
we obtain exp((T(L(C)))x — x and exp(cr(i(C)))j/ = xy. On the other hand, 
clearly tc{x) = x and tc{y) = xy. Since x and y generate the fundamental 
groupoid n5|£, we obtain exp(cr(L(C))) = DN(tc'). In fact, this is an essential 
part of the proof; Theorem 15.31 for general S is proved by the theorem for an 
annulus and Proposition [ 
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Figure 4. the annulus 



As an imiTLcdiatc consequence of Theorem 15. 3[ for any n > the Dchn- 
Nielsen image DN(ic) has a canonical n-th root: DN(tc)^^" = exp{{l/n)a{L{C))). 
Also, for any a G Q we can consider the rational Dehn twist (tc)'^ '■= exp(ao'(i(C))) e 
A{S, E). Suppose a generic path £ from po G E to pi € E intersects C trans- 
versely and £ O C — {p}. We orient C so that e{p;C,£) = +1 and define 
7] G TTi{S,p) to be a oriented loop C based at p. Setting 77° — exp(alog77) € 

Qni{S,p) as in §3.5| we have 



(ten = ^v.vi't 



ppi- 



(5.2) 



Remark 5.4. Theorem 15.31 was originally proved in |3T] for a compact sur- 
face with one boundary component. The formulation and proof in [31| use a 
symplectic expansion of the fundamental group of the surface. See also ^and 
[HI Massuyeau and Turaev [49] proved a similar result from another point of 
view. See also Remark 15.61 



5.2 Generalized Dehn twists 



Let S and E be as in tj3.3| Motivated by Theorem 15. 3[ we introduce the 
following generalization of Dehn twists. 



Definition 5.5 ([33]). Let 7 be an unoriented loop on S* \ dS. We define the 
generalized Dehn twist along 7 to be t^ := exp((T(L(7))) G ^(5", E). 



Remark 5.6. Generalized Dehn twists were introduced first for a compact 
surface with one boundary component [41j . based on a main result of [31] . 
Then the definition for any oriented surfaces and their fundamental groupoids 
was given as above. In [49[ Massuyeau and Turaev gave a similar construction. 
They introduced the notion of a Fox pairing on the group ring of a group, 
which generalizes the homotopy intersection form in i i4.3l and worked in a 
more general framework. Massuyeau and Turaev further discussed generalized 
Dehn twists for closed surfaces. 
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We state two properties of generalized Dehn twists. First of all, if 7 is an 
unoriented loop on S* \ dS and n > is an integer, we can consider the n-th 
power of 7, denoted by 7". Then 

t^„ = (t^)"'. (5.3) 

This follows from L(<") = v?L{t). Secondly, we have the following. 

Proposition 5.7. For any *i e E r\ dS, 1 < i < 4, and u e Qn5(*i,*2), 
V G QnS'(*3, *4), we have 

K{tj{u)®tj{v)) = {tj&.j)K{u®v). 

Namely, t^ preserves the intersections of two paths on S. This is first 
proved by Massuyeau and Turaev for the homotopy intersection form 77, see 
[15] Lemma 8.2. The proof of Proposition IS . 71 follows the same line as the proof 
of [49] Lemma 8.2 by Massuyeau and Turaev. Indeed, we first prove that 

K{a{x)u, v) + K,{u, a{x)v) — a{x){K{u, v)) (5.4) 

for any u G QnS'(*i,*2), v G QnS'(=i<3, *4), and x G Q7r(S') (see [13] Lemma 
7.4). Here, a{x){a (g) 6) = (cr(x)a) 6 + a (g) {a{x)b) for a G Qn5'(*i, *4), b G 
QnS'(*3, *2). The equation (|5.4I) naturally induces an equality on completions. 
Putting X == L(7) G Q7r(5*)(2), we compute 

(t^§)t^)K(u§)u) = {e°(g)e^)K{u(g)v) = ^ — D'' {k{u(E)v)) 

r>0 

= V 4y" (]k(D'u§D'-'v) = V -^k(D'u§)D^v) = K(e^u®e^v), 
^-^ r\ ^-^ \i J ^-^ iljl 

,>o i=o ^ ^ i,j>o ■^ 

where D = a{L{'^)). This proves Proposition 15.71 

We say that t^ is realizable as a diffeomorphism, or realizable in short, if 
t-y is in the image of the completed Dehn- Nielsen homomorphism (j3.3p . For 
example, if C is a simple closed curve on S* \ dS and ?i > is an integer, tc^ 
is realizable by Theorem 15.31 and (|5.3p . 

Question. For which unoriented loop j on S* \ dS , is t-y realizable as a dif- 
feomorphism ? 

To study this question, we confine ourselves mainly to the case that DN 
is injectivc. Then if t^ is realizable, there exists uniquely up to isotopy an 
orientation diffeomorphism ip oi S fixing EUdS pointwise such that DH(ip) = 
t-y. We call ip a representative for t^. Generalized Dehn twists are local in the 
following sense. 
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Theorem 5.8 (|41j. |33j). Suppose S and E satisfy the assumption o/Theorem 
13.31 Let 7 be an unoriented loop on S\ dS, and suppose t^ is realizable as a 
dijfeomorphism. Then there is an representative of t^ whose support lies in a 
regular neighborhood ofj. 

Here the support of a difFcomorphism f. S -^ S is the closure of the set 
{x S S; (p{x) ^ x}. 



5.3 Criterion using the self intersection 

We give an appUcation of the operation jj, in ij4.4l to generahzed Dchn twists. 
Assume that S and E satisfy the assumption of Theorem 13.31 Let 7 be 
an unoriented loop on S \ dS. Suppose t^ is realizable as a diffcomorphism 
and (y9 is a representative of f^. Let *o,*]^ G E C dS be distinct points 
and £ a simple path from *o to *i. Since ^ maps simple paths to zero and 
any diffcomorphism preserves the simplicity of paths, for any n > we have 
fi{(p"{£)) = fi{exp(n(j(L{j)))) = 0. Therefore, we must have 

ljiaiL{j))£) = e mSi^o, *i)®Q^(5). (5.5) 

This observation is useful to detect the non-realizability of generalized Dehn 
twists. Using our cut and paste arguments in i i3.5l let us consider this in a 
more refined form. 

Let N C S \ dS be a connected compact subsurface which is a neighbor- 
hood of 7. First of all we give the following variant of Proposition 13.71 Let 
N C S* \ dS be a connected compact subsurface with non-empty boundary, 
which is not diffeomorphic to the disk. Assume that the inclusion homomor- 
phism of fundamental groups tti{N) — > 7ri(S') is injective. We number the 
components of dN as dN = IJ"^^ ^'- -f°^' rational numbers ai, 1 < i < n, 
we set F(ai,...,a„) := J27=i'^i-^i^i) ^ Q^(A^)(2). Note that since Ci are 
disjoint, the derivations L{Ci) commute with each other. 

Proposition 5.9 (|33]). Keep the assumptions as above. Let U G A{N,dN) 
and U G A{S,E U dN) and assume U{i{u)) = iU{u) for any po,pi G dN 
and u G QniV(pojPi)- Here i: IIN\qn — > ^S\EudN is the inclusion homo- 
morphism. Further assume (j}{U) ~ 1, where (j): A{S,E U dN) — ^ A{S,E) is 
the forgetful homomorphism. Then there exist rational numbers Oi = a^ G Q, 
1 < i < n, such that U — exp((T(-F(ai, . . . , flji))). 

Morally, this proposition says such [/ is a product of rational Dehn twists: 
U = n"=i (^Ci)"'- From the observation (|5.5p . Theorem 15. 8[ and Proposition 
15.91 we can prove the following theorem. 
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Figure 5. the Pochhammer contour 



Theorem 5.10 (|34]). Keep the notations as above and suppose that the in- 
clusion homomorphism 7ri(iV) — >■ 7ri(S') is injective. If the generalized Dehn 
twist t-y is realizable as a diffeomorphism, we have 

for any distinct points *o, *i G dN and any simple path £ G nAf(*o, *i). 

The following theoreni provides many examples of unoriented loops 7 such 
that t^ is not realizable as a diffeomorphism. The proof is by taking N to be 
a regular neighborhood of 7 and £ a simple path intersecting 7 transversely in 
a single point, and showing that /i(o'(L(7))£) ^ 0. 

Theorem 5.11 ([34j). Let 7 C S\dS be a generic non-simple loop and assume 
that the inclusion homomorphism TTi{N{'-f)) — > 7ri(S') is injective, where N{'-f) 
is a closed regular neighborhood of 7. Then the generalized Dehn twist t^ is 
not realizable as a diffeomorphism. 



For example, the generalized Dehn twist along a figure eight is not realiz- 
able as a diffeomorphism. This is first proved in [41] [33] by a rather ad hoc 
way. Here we say that an oriented generic loop 7 is a figure eight if 7 has a 
single self intersection and the inclusion homomorphism 7ri(iV(7)) — > 7ri(5) 
is injective. For another example, suppose that 7 is generic and non-simple, 
and the inclusion map A^(7) ^-¥ S is a homotopy equivalence. Then t^ is not 
realizable as a diffeomorphism. This shows that locally, a generalized Dehn 
twist is never realized as a diffeomorphism. On the otherhand, let 7 be an 
unoriented loop shown in Figure 5. Since 7ri(A^(7)) — >■ 7ri(5) is not injective. 
Theorem 15.111 cannot be applied. However, if iV is a neighborhood of 7 dif- 
feomorphic to a pair of pants as shown in Figure 5, and tti{N) — >■ 7ri(S') is 

is not realizable 



injective, then we can apply Theorem lS.lOl to conclude that t^ 
as a diffeomorphism. 

We end this section with a conjecture about the characterization of simple 
closed curves. 
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Conjecture. Suppose t^ is realizable as a diffeomorphism. Then 7 is homo- 
topic to a power of a simple closed curve. 



6 Classical theory revisited 

In this section we reconsider the classical Torelli-Johnson-Morita theory for 
the surface S = I]g,i, g > 0, in gl Let [+ := UT^i^^i^^^ ® Q be the 
degree completion of the target of the Johnson homomorphisms tensored by 
the rationals Q. Massuyeau's total Johnson map r^ associated to a symplectic 
expansion 9 of the group tt = 7ri(E,*), introduced by Massuyeau [47], is an 
embedding of the Torelli group Ig^i into the pro-nilpotent Lie algebra [+. 
We introduce a Lie subalgebra i~''(S) of the completed Goldman Lie algebra 
Q7r(E), and decompose the map r* into a natural embedding of the group Tg^i 
into the pro-nilpotent Lie algebra L+(I]) and an isomorphism of Lie algebras 

—Xg: i~''(E) ^ 1+ induced by a tensorial description of Q7r(I]) through the 
symplectic expansion 6. Then we can give an algebraic description of the 
geometric constraint on the Johnson image in ij6.3l In particular, we show 
that the Morita traces arc recovered from this geometric constraint. In the 
next section iJ7] we generalize some of these results to an arbitrary compact 
oriented surface with non-empty boundary. 



6.1 Symplectic expansions 

We begin by considering a tensorial description of the completed group ring 
Qtt, where tt = 7ri(i;,*). As in §1.3, let H = ifi(i;;Q) = iJz ^z Q be 
the first rational homology group of the surface E, and let T := H^o H'^'^ 
be the completed tensor algebra generated by H. The algebra T has the 
decreasing filtration given by Tp := nri>p H^", p > 0, and is a complete Hopf 
algebra with the coproduct A given by A{X) = X®1 + l^X for X G H, 
and the antipode i given by l{X) = —X for X £ H. Note that the subset 
1 + Ti is a subgroup of the multiplicative group of the algebra T. For the 
rest of this chapter we omit the symbol (25 for the multiplication in the algebra 
f. For example, we denote w ^ X^Li ^^-^^ " B^A, e Hf^ C T?®^ ^ f 
for the symplectic form (see W2.2\i . Massuyeau [17] introduced the notion of 
a symplectic expansion, which is a group like expansion of the free group 
TT = 7ri(E, *) = F2g satisfying the symplectic condition (4) stated below. Let 
C G TT be the based loop parallel to the negatively oriented boundary of E. 

Definition 6.1 (Massuyeau [17]). A map 9: n ^ 1 + Ti is called a symplectic 
expansion of tt if 
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(1) The map 0: tt — > 1 + Ti is a group honiomorphism. 

(2) For any a; G tt we have 6{x) = 1 + [a;] mod T2. 

(3) For any a; G tt the element d{x) is group-hke, i.e., A9{x) = 9{x)(^9{x). 

(4) We have 0{C) = exp(cj) = Er=o( V^O^®"- 

Let £ C T be the completed free Lie algebra generated by H. In other 
words, C is the set of primitive elements of the complete Hopf algebra T, 
C = C{T). For a map 9 satisfying the condition (1)(2), we denote ^^ := \og9. 
If 9 satisfies the condition (3), then £^ takes values in C In general, we have 
i^{Q) = w + (higher term). The condition (4) is equivalent to l?{C) = w, i.e., all 
the higher terms vanish, which we call the symplectic condition. This seems 
a quite severe condition, however, symplectic expansions do exist and there 
are infinitely many. The first example (with real coefficients) was given by 
Kawazumi [3D] via iterated integrals and the Green operator, and Massuyeau 
[47| gave the second example using the LMO functor. There is also a purely 
combinatorial construction by Kuno j42| . 

Fix a symplectic expansion 9. Then 9 induces a filter-preserving isomor- 
phism 9 : Qtt ^^ T of complete Hopf algebras. Moreover, from the condition 

(4) we have an isomorphism 9: (Q7r,Q(C)) — >■ (T,Q[[a;]]) of pairs of complete 
Hopf algebras. Here {() is the infinite cyclic group generated by ( and Q[[w]] 
is a formal power series ring generated by a primitive element to. 

6.2 The Lie algebra of symplectic derivations 

We recall the definition of the Lie algebra of symplectic derivations. First we 
make a couple of remarks about the intersection form on the surface E. The 
first homology group H is equipped with a skew symmetric non-degenerate 
bilinear form ( ■ ) : i? i/ — > Q called the intersection form. We identify H 
and its dual H* = Hom(i?, Q) by 

H%H*, X^{Y^{Y-X)). (6.1) 

A symplectic basis of iJ is a subset {Ai, i?i}f^i C H satisfying {Ai ■ Bj) ~ Stj, 
{Ai ■ Aj) = {Bi ■ Bj) ~ 0. Then the symplectic form uj is given by w = 
2—ii=i AiBi — BiAi. 

By definition, the Lie algebra of symplectic derivations, denoted by a~ 

or Dcrtj(r), is the Lie algebra of continuous derivations on the algebra T 
annihilating uj. Since the algebra T is generated by the degree 1 part as a 
complete algebra, the restriction 

a- ^\lon-i{H,f)=H* ®f = H®f = fi, D ^ D\h (6.2) 
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is injective. It is easy to show that the image coincides with Ker([ , ]: H (^ 
T — >■ Ti). In other words, a^ is identified with the space of cyclically in- 
variant tensors. If we define a homogeneous Q-linear map N: T — >■ T by 
N{Xi ■■■X^) = E" 1 X^■■■ X^.Xi ■ ■ ■ X,_i, for m > 1, Xi, . . . , X™ G /f, 
and N\f^®o ~ 0, then wc have an identification 

oo 

S = n N{H<^"'). (6.3) 

m— 1 

By a straightforward computation, we have the following. 

Lemma 6.2. Under the identification (j6.3p . the Lie bracket of a~ is given by 

[N{Xi---X„,),NiYi---Yr,)] 
= — /_^{^i ■ Yj)N{Xijf-i ■ ■ ■ XmXi ■ ■ ■ Xi^iYjj^i • ■ -YnYi ■ ■ ■ Y,_i), 

where m,n > I and Xi, Yj G H . 

The Lie subalgebra a^ := N{T2) is nothing but (the completion of) Kont- 
sevich's "associative" Ug [40] . 

Let Ig be the Lie subalgebra of a~ consisting of derivations D stabilizing 

the coproduct of T in the sense that AD = {D®1 + 1®D)A. This condition is 
equivalent to D{H) C C, thus the restriction of ()6.2p to Ig gives an identifica- 
tion Ig = Ker([ , ]: H Ig) C ^ C). Moreover, we have Ker([ , ]: H (g C ^ C) = 
N{C®C) (see [31] Lemma 2.7.2). The Lie algebra {g is the degree completion 
of Kontsevich's "Lie" tg [30] ■ It should be remarked that the Lie algebra £g 
was introduced earlier by Morita |53| [54j as a target of the Johnson homo- 
morphisms. Let [+ be the ideal of ig consisting of derivations D such that 

D{H) C £ n T2. In fact, the Lie algebra Vt is nothing but the completion of 
the Lie algebra 0^^ f)g,i(fc) <» Q (see ES). 



6.3 Algebraic interpretation of the Goldman bracket 

Let be a symplectic expansion of tt. Consider the Q-linear map Qtt -^ 
N{fi) = ttg, TT 3 X ^ N9{x). Since N{uv) = N{vu) for any u,v G T, this 
map factors through to a map Xg: Qtt{Y,) — > Qg". Namely if x G tt, then 
X0{\x\) = N0{x). 

Using a symplectic expansion, we can relate the Goldman Lie algebra with 
the Lie algebra of symplectic derivations. 

Theorem 6.3 ([SI]). (1) The map 

-Ae:Q7r(S)^iV(fi) = a; 
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is a filter preserving Lie algebra homomorphism. The kernel is spanned 
by the class of a constant loop 1 and the image is dense with respect to 
the Ti-adic topology. 

(2) The following diagram commutes: 

Q7r(S) X Qtt — °~^ Qtt 
-Aex0 e 

a- X f > f 

Here the bottom horizontal arrow is the action by derivations. 

Note that the minus sign comes from our convention about the isomorphism 
(|6.1|) . From Theorem l6.3l (l) the map Ag induces a filtered Lie algebra isomor- 
phism Q7r(S) —>■ o.~ . As was shown in [42] , Theorem l6.3l holds also for any Mag- 
nus expansion satisfying the symplectic condition (4) in Dcflnition lG.ll By def- 
inition, we have a' = {D G Der(f ); D{uj) = 0} = {D G Der(f ); ^(e") = 0}. 
Hence, from Theorem 16. 3[ we have a filtration-preserving isomorphism 

a: 0^(11) 4 Dera(Q^), (6.4) 



This is Theorem [Us] for {S,E) = (S,{*}). 

Now consider the Torelli group 2g i. For any cp G ^g,i, the logarithm of 
DH{(p) converges as an element of FiDer(Q^), since DN((^)((/7r)™) C (/7r)"'+i 
for any m > 1. From the fact (p{<^) = C G "■ follows logDN((/5) E Dera(Q7r). 
Hence we define the geometric Johnson homomorphism by 

T ■.= (T-^ ologoDN: Ig,i ^Q^(E)(3), (^ h^ cr^^ (log DN((y9)). 

We remark DN((/3) = e"'^'^^'^)) for any </? G Ig,i- Hence, if Lp is the right 
handed Dehn twist along a separating simple closed curve C C S, then we 
have T{tc) = L{C) by Theorem [Ol 

Recall that the action of the group A^g,i on Qtt preserves the coproduct 
A. Hence T(Ig,i) is included in the stabilizer of A, which we denote 

L{T) := {u e Q^(i;); (cr(u)®cr(u))A = Acr(u)}, and 

L+(S) :=L(S)nQ^(S)(3). 

The Lie algebra L^{^) is pro-nilpotent. so that the Hausdorff series define a 
natural group structure on it. Hence the geometric Johnson homomorphism 

r:Zg,i->L+(S) 

is an injectivc group homomorphism. 

On the other hand, rccaU that Ig = H^o flg.i (fc)®Q and [+ = H^i ^'^,i{k)(g) 
Q are exactly the stabilizer of A in a^ and a+ := N{Ts), respectively. Since 



46 Nariya Kawazumi and Yusuke Kuno 

0: Qtt ^- T is a filtration-preserving isomorphism of complete Hopf alge- 
bras, the isomorphism —\e induces isomorphisms —\g: L"'"(E) ^ [+ and 

—Xe'- i(S) ^ [g. From the construction, Massuyeau's total Johnson map 
T^ is decomposed as 

In particular, the graded quotient of the geometric Johnson homomorphism r 
is the totality of the (original) Johnson homomorphims. 

Our geometric re-construction of the Johnson homomorphisms leads us to 
finding a geometric constraint of the Johnson image. We look at the map /i as 
in ij5.3l It is clear that the action of any Lp 6 Xgi preserves the map /^: Qtt — >■ 
Q7r§Q^(E). Hence ^(e"'"(^('^»u) = (e"'"(^('^»ge"'"(^('^)')/x(u) for any n G Z 
and V G Qtt. Taking the linear terms in ji, we have fi{<7{T{ip))v) = a{T{ip))^{v). 
This means {a ® l){v ® 5{t{ip))) = from Theorem it^ (3). and (S(r((^)) = 
from the isomorphism (|6.4p . Hence we obtain the following theorem. 

Theorem 6.4 ([34]). 

SoT^Q: Xgs -^ L+{Y.) ^Q^(I])§Q^(E). 



6.4 The Turaev cobracket and the Morita trace 

From Theorem 16.31 the space a~ has a structure of a complete Lie bialgebra 
with a (^-dependent) Lie cobracket (5^ := {{—Xe)(Si{-~Xe))°6o{—Xg)~^. In this 
subsection we shall study the Laurent expansion of 6^. The key ingredients 
is a tensorial description of the homotopy intersection form (see M.3^ due to 
Massuyeau and Turaev [49] . As in i)4.51 we see that r] extends to 77 : Qtt^Qtt — >■ 
Qtt. Let e: T — >■ T/Ti = Q be the augmentation map. Define a Q-bilinear 
map -^^ : Ti (g)Ti — >■ T by 

Xi ■ ■ ■ Xjn -^ Yi ■ ■ -Yn := {X„i ■ Yi)Xi ■ ■ ■ X,m-lY2 ■ ■ -Yn E H ™ 

for any m, n > 1, and Xi, Yj G H. Here {Xm ■ Yi) G Q is the intersection 
pairing of Xm and Yi E H. A Q-linear map p: T®T ^ T is defined by 

p{a®h) = p{a, h) ■= (a - e{a)) -^ (fe - e{h)) + (a - e(a)).s(a;)(6 - e{h)) (6.5) 
for any a and b E T, where s{z) is the formal power series 

1,1 1 V- B2k 2fc-l I Z ■Z'^ ^5 , 



, , 1 11,-^ 

siz) = h - = > 

^ ' e-^ - 1 z 2 ^ 



:z2fc-i 



(2fc)! 2 12 720 30240 



Here B2kS arc the Bernoulli numbers. 
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Theorem 6.5 (|49j). Let 9: -k ^ T be a symplectic expansion. Then the 
following diagram commutes: 



-^^ Ott 



>1 



T§r — ^ T. 



Let us fix a symplectic expansion 6. We define Q-finear maps k : T®T 
rSr and j/ -.f ^ '^®% so that the diagrams 

Q^®Q^ — "~^ Gk®Qti: Qtt — ^^ Q7r®Qfr 



9 ege and sj 



f§f — ^^ — > fgf . r — ^^ — > T®a 



9 ■ 



commute. From Proposition 14.71 and Theorem 16.51 the map k ^ k does not 
depend on the choice of 6. Exphcitly, for X,Y ^ H we have 

K{X(g)Y) = -(i®i)((igt)A/3(x,y))(i®i) 

= -{X ■ y)(l§l) - {l^L)AiXs{uj)Y). (6.6) 

On the other hand, the map /i^ depends on the choice of 9. By Proposition 
I4.16| for any ?7i > and Xi G H, 1 < i < m, we have 

={i^{-N)) J2{Xi ■ ■■x^.im)nix^,Xj){Xj+i ■ • -x^Sx^+i • --Xj-i) 

m 

+ ^(Xi ■ . •X,_igl)/(X,)(X,+i • • • X^gl). (6.7) 

We consider the Laurent expansion of fi^. We denote by ^1 n the degree k 
part of /i . In other words, we have 



{Xi---Xm)- 2^ /i(j.)(Xi • • -Xm), //(j,)(Xi • • -Xni) e i?*^ 



i{m+k) 
/i: — — oo 



for Xi G H, I < i < m. We define the homogeneous Q-hnear map /i^'S; 7^ _ 
f §a- by 

Ai"'S(Xi • • ■ X„) = ^(X, • X,)Xi ■ ■ ■ X,_iXj + i • • ■ XramiX,+ i ■ ■ ■ Xj_i) 

i<j 
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for TO > and Xi £ H, I < i < m. Looking at (|6.7p and (|6.6p in detail, 
we have the following. As is announced in [50] Remark 7.4.3, this result is 
obtained independently by Massuyeau and Turaev |51| . 

Theorem 6.6 ([33][FT]). For any u E T we have 

(1) fi^i,Ju) = for k < —3 and k ~ —1, 

(2) /i^_2)(M) ^ fi'^^^iu), and 

(3) Mfo)(") = (-l/2){mN{u)). 



/(zi) = fi^'^u) - -{l®N{u)) + f^l^iu) + Mf2)(") + ■ • • ■ 



Therefore, for any u £ T we can write 

1 

2^ 
In general, the higher terms ii^,f^Au), A: > 1, do depend on the choice of 0. 

Now we consider the Lie cobracket 5^ . We denote by 5^,^-. the degree k part 
of (5^, i.e., 

CX3 

5\N{X^-.-Xm))^ J2 5lk){N{X,-.-Xra)). 

A;— — oo 

and (5^j^)(Af(Xi ■ • ■ Xm)) G iV(i/«^('"+'=)) ioi X, (z H ., I < i < m. We define the 
homogeneous Q-linear map (5^'^ : Og ^f a^ ®a'g by 

<5-'s(7V(Xi...X„,)) 
= -S^(X X\l N{X,+i---Xj-i)®N{Xj+i---X,nXi---X^-i) 

^^ "' ''\ -N{Xj+^- ■ ■ x^x^- ■ ■ x,_^)m{x,+^- ■ ■ Xj_^] 

for m > \ and Xi E H, I < i < m. We call (5^'^ Schedler's cobracket since it 
was introduced by Schedler [74]. By Proposition 14. 10[ and Theorem 16.61 for 
any w G a^ we have 

and in general the higher terms Sfj^Ju), k >1, depend on the choice of 9. As 
a corollary of Theorem 16. 4[ we have 

oo oo 

jaig , ^ = 0: 0gr'=(X,,i) ^ f)^,i(fc) ^ S §a;. 

fc=l A;=l 

Finally we show that Schedler's cobracket 6^^^ restricted to (+ recovers the 
Morita traces of ah degrees Tr^ : (l+)(fc+2) := f)g,i(fc) «) Q ^ S'^H, fc > 3 
(see W2.2\i . Here S'^H is the fc-th symmetric power of H. Let pi: a^ = 
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nm=i iV(ff»") ^ iV(iJ®i) = iJ be the first projection, i: aj = 1]™=! NiH®"" 
11™=!^^'" = Ti the inclusion map, and tu: f ^ Sy^{H) := U'^^qS"'{H) 
the natural projection. We define 

s --wo (pi§i) : a'm'g ^ F ® f i = f 2 ^ Sym{H). 

By some straightforward computation we obtain the following. 

Theorem 6.7 ([31]). For any k > 3, we have 

^°^'''l(i«^)(.+.) ^ (-^■) ^ Trfc: ([+)(fc+2) = flf,i(fc) ®Q ^ ^'^i/. 

Thus all the Morita traces are derived from the geometric fact that any 
diffeomorphism preserves the self-intersection of any curve on the surface. Very 
recently Enomoto [12] proved that the Enomoto-Satoh traces [12] are inside of 
Schedler's cobracket S'^^^. But we do not know whether they are inside of the 
Turaev cobracket S^ itself or not. 



7 Compact surfaces with non-empty boundary 

Let Sg^r be a compact connected oriented surface of genus g with r boundary 
components. Now we generalize some of the results in SJHlto such a surface with 
r > 0. Throughout this section we work over the rationals Q. In particular, we 
denote by iJ* {X, A) the rational homology group iJ* {X, A; Q) for any pair of 
spaces {X, A). Let S = Sg^„+i for some g and n > 0. Note that the interior of 
the surface S has a complete hyperbolic structure. We number the components 
of the boundary dS = II'Lg '^j^- Choose one point *j from each djS to form 
a finite set E := {*j}"^q C dS. Gluing (n + 1) copies of the 2-disks on the 
surface S along the boundary, we obtain a closed surface 5 = S^. 

In i j7.1l we construct an analogous Lie algebra associated to the surface 
S for the degree completion o^ of an enhancement of Kontsevich's associa- 
tive ag, where we need an additional data on the inclusion homomorphism 
Hi{S) — )- Hi{S). In §7.21 we introduce a Magnus expansion of the groupoid 
115 1 _E satisfying some boundary condition, which induces an isomorphism of 
Lie algebras from the completed Goldman Lie algebra onto the Lie algebra 
constructed in i)7.1l As a consequence of the isomorphism, we obtain Theo- 
rem 14.131 The geometric Johnson homomorphism on the largest Torelli group 
of S in the sense of Putman [5S] is defined to be an embedding of the Torelli 
group into some pro-nilpotent Lie subalgebra of Q7r(S') in ij7.3l Its image is 
included in the kernel of the Turaev cobracket in a similar way to Sg,i. 



50 Nariya Kawazumi and Yusuke Kuno 

7.1 The "associative" Lie algebra for a compact surface 

We use similar notation to that in iJ2.3l and [JHl Let H he a finitc-dimcnsional Q 
vector space. Then let T{H) := nm=o -ff®™ be the completed tensor algebra 
over H, and N = N : T{H) — > T{H) the cyclic symmetrizer or the cyclicizer 
defined by N\h»o := and N{Xi ■ ■ ■ Xm) := J2Zi ^» ' ' " ^rnXi ■ ■ ■ X,_i for 
TO > 1 and Xi G H. As in S|6]we omit the symbol (3 if it means the product 
in the algebra T{H). The filtered Q- vector space N(T{H)i) is an analogue of 
the Lie algebra a~ , the degree completion of an enhancement of Kontsevich's 

"associative" Lie algebra Ug. The algebra T{H) is filtered by the two-sided 
ideals T{H)p :— Ylm>p-^^™'^ P > 1: and constitutes a complete Hopf algebra 
whose coproduct A: f{H) -^ f{H)®f{H) is given by A{X) = X§1 + 1§X 
for any X ^ H. 

Let S* be a surface as above. Then the fundamental group 7ri(S') is a free 
group of finite rank, where we may choose any point in S. The reason why we 
introduce a Lie algebra structure on the filtered Q-vector space N(T{Hi{S))i) 
comes from the following proposition. 

Proposition 7.1 ([33] Corollary 4.3.5.). For any group-like expansion 9: ni{S) 
f{Hi{S)), the map NO: Qtt{S) -^ N{f{Hi{S))i), given by {Ne){\x\) := 
N[9{x)) for any x G 7ri(S'), is injective, and induces an isomorphism of filtered 
Q-vector space 

N9:Q7r{S)^N{f{Hi{S))i). 

Proof. We simply write tt = 7ri(5) and tt = 7r(S'). Let Qtt^ and Qtt be 
the group ring of the group n and its completion, respectively, which we re- 
gard as left QTT-modules by conjugation of the group tt. Since the interior 
of S has a complete hyperbolic structure, we have a natural injective map 
A: Qtt/QI -^ HiiTT-^Qir") introduced in Proposition 3.4.3 [Sj. The comple- 
tion map Qtt"^ -^ Qtt is injective, so that the induced map iJi(7r;Q7r'^) — >■ 
-ffi(7r;Q7r ) is also injective, since tt is free and so H2{tt;Qtt /Qtt'^') = 0. The 
group-like expansion 9 induces an isomorphism iJi(7r;Q7r ) ^ N{T{Hi{S))i) 
in the context of twisted homology of (complete) Hopf algebras. By straight- 
forward computation in Lemma 5.3.2 |31j using the group-like condition of 
9, we can prove that the composite of these maps equals the map N9. In 
particular, N9: QTr'{S) -^ N{f{Hi{S))i) is injective. Clearly the image of 
N9 is dense in N(T{Hi{S))i), and N{f{Hi{S))i) is complete with respect 
to the filtration {N{f{Hi{S))m}'^=i- As was proved in Lemma 4.3.3 [33], 
{N9)-^N{f{Hi{S))m)) = IQl + /tt™! for any m > 1. This proves the rest of 
the assertions of the proposition. D 
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Through the isomorphism NO we can consider a Lie algebra structure on 
N{T{Hi{S)i). In this subsection we will give a candidate for such a structure. 
As will be stated in the next subsection, the map —NO is an isomorphism of 
Lie algebras for some expansion 0. 

RecaU S = Sg.„+i, dS = U'Lg ^i*^ ^'^'^ 5 is a closed surface of genus g 
obtained from capping the boundary components of S hy {n + 1) disks. The 
first homology group Hi{S) is a symplectic vector space of dimension 2g. We 
denote by oJ £ Hi(S)'^'^ the symplectic form on it. If {^,S~}f^^ C Hi(S) is a 
symplectic basis, then we have uj = Y^l^^ AiBi — BiAi. Let Cj G Hi{S) be the 
homology class of a boundary loop on djS in the positive direction. Consider 
the inclusion map i: S ^^ S. In the homology exact sequence 

H2(S,S) A Hi{S) ^ Hi(S) -^ 0, (7.1) 

the set {Cj}^^i is a basis of the image Im(9*). To define our Lie bracket 

on N{Ti{Hi{S))), we need to choose a section of the surjection i* : Hi{S) — >■ 
Hi{S). We denote by Scct(i*) the set of aU sections of the surjection i*. 
Any complex structure of the surface S defines a canonical R- valued section 
of the surjection i* : Hi{S; M) -^ Hi{S; M) induced by the normalized Abelian 
integrals of the third kind if we regard the interior of S* as a punctured Ricmann 
surface. 

Fix a section s e Sect(i*). We denote Af := s(^), Bf := s(B~) e Hi{S) 
and io, := s'~^^{uJ) = J^Li^t^! - BfAf e Hi{S)^^. The set {Af,B|}f^i U 
{Cj}]^^ is a basis of Hi{S). Let u = ^f^^ Alu'^ + J2Li Bfu'l + Y.%i Cju"^, 
and V = ELi AM + Eti ^f< + E;=i Q"° be elements of N{fiHi{S))i), 
where u'^, u'- , u°, v^,v'/ , Vj G T{Hi{S)). Then a bracket [w, u] — [u, v]s of u and 
V is defined by 



[u, vU ■■=-N\}^ v'^'l - <«,' + ^ Q(«°t;° - «>°) I e iV(r(iJi(5))i). 

(7.2) 
It is easy to prove that the bracket does not depend on the choice of the 
symplectic basis {Ai.BiYj^-^ and satisfies the Jacobi identity. We denote by 
iV(fi)^ = N{f{Hi{S))i)s the Lie algebra N{f{Hi{S))i) equipped with the 
Lie bracket [,]s- As Massuyeau and Turaev [50] [51] point out, this Lie algebra 
structure is related to quiver theory. If g = or n = 0, then the set Sect(i*) 
is a singleton, and N{Ti)g is just the Lie algebra of special derivations of the 
algebra T or that of symplectic derivations, o~, respectively. 

For any compact connected oriented surface S the map —NO is a Lie al- 
gebra isomorphism if an expansion satisfies some condition, which will be 
formulated in the next subsection. 
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7.2 A tensorial description of the Goldman Lie algebra 

Let {S, E) be as above. Wc begin this subsection by introducing the notion 
of a Magnus expansion of the groupoid IIS'I^;. In this subsection we simply 
write H = Hi{S), T = T{Hi{S)) and so on. If M is a monoid, then we denote 
by Me the small category such that the set of objects is E, and the set of 
morphisms from *a to *{,, < a, 6 < n, is defined by {ME){*a, *b) '■= M. The 
composite and the unit in the monoid M induce the composite and the units 
in the category Me- For example, we consider the small category Te and the 
groupoid (1 + Ti)e over the set E. 

Definition 7.2. A homomorphism 9 : I1S\e -^ {i + Ti)E of groupoids over the 
set _E is a Magnus expansion of the pair (S, E), if the restriction to 7ri(S', *a), 
9: 7ri(5, *a) — > 1 + Ti, is a Magnus expansion in Definition 12.51 for any a, 
< a < n. 

It is easy to show that a homomorphism 9: IIS\e -^ (1 + T'i)_e is a Mag- 
nus expansion if 9: 7ri(S', *(,) — > 1 + Ti is a Magnus expansion of the free 
group 7ri(5', *b) for some b, < b < n. Any Magnus expansion 9 induces 
an isomorphism 9: QIIS\e ~-^ Te- Hence, for any two Magnus expan- 
sions 9 and 9', there exists a unique derivation uq G -FiDer(TE;) such that 
9' = {expuo)o9: US\e -^ (1 -hTi)^. Here i^iDer(fB) is the Lie subalgebra of 
all derivations D increasing the filtration on Te strictly (see §3.2p . A group- 
like expansion is defined to be a Magnus expansion whose target is reduced to 
Gt:{T)e, where Gr(r) is the set of group-like elements in the complete Hopf 
algebra T. 

Let s S Sect(i*) be a section of the surjcction i* as in i JT.ll Then we 
introduce some boundary condition on a Magnus expansion 9 with respect to 
the section s. Let ^j G 7ri(S', *j), < j < n, be a based boundary loop along 
djS in the positive direction. We define the boundary condition with respect 
to the section s, which we denote by (jJs), by 

9(£ ] = l°^P("'^-^ + '^o) = exp(-w,, - X;j=i Q), if J = 0, 
^^'' \exp(Q), ifl<J<n. ^-' 

A group- like expansion satisfying the condition (fls) is a generalization of a 
symplectic expansion. If we fix a complex structure on the surface S and 
regard the interior of S* as a punctured Riemann surface, then we can construct 
a canonical K- valued group-like expansion satisfying the condition (jj^) with 
respect to the canonical section stated above by a similar way to f30j . 
Now we can state the following theorem. 
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Theorem 7.3 (|35j j 51 j ). If a Magnus expansion 9 satisfies the condition {'is), 
then the map 

-Ne:Q7:{S)^N{fi)s 
is a Lie algebra isomorphism. 

Recall the natural action of Q7r(S') on the completion QIIS'I^; and the Lie 
algebra homomorphism 

a:m{S)^T}cY9{ms[E) 

stated in t j4.5l Theorem 14.131 asserts that the map a is an isomorphism. 
Here we remark that a docs not preserve the filtrations ii S ^ ^gA- This 
seems to be related to the diversity of the Torelli groups |68]. A homomor- 
phism similar to a is constructed for the Lie algebra N{Ti)s and the small 
category Te- We begin by defining a derivation on T = {Te){*o,*o)- Let 
u = ELi Ay, + YJi=i Btiill + E"=i Cj"° be an element of iV(fi),. Then a 
continuous derivation a^{u) of the algebra T is defined by 

a^{u){A^) := <, a°H(i?n := -< and a°(w)(Q) := u^^C, - C,u° 

for !<«<(? and 1 < j < n. We define Ug := for our convenience. Then a 
continuous derivation (Js{u) of the small category Te is defined by 

aAu)(v) := -ulv + al{u){v) + vul (7.4) 

for any v e (T£;)(*a, *&) = T, Q < a,h < n. Similarly we denote by Derg(rE) 
the Lie algebra of continuous derivations annihilating — cjs + Co G {Te){*o, *o) 
and Cj G (Te){*j, *j), ^ i£ j i£ n. Then we have a Lie algebra homomorphism 

By some straightforward computation, we can prove that as is an isomorphism. 

Theorem 7.4 f [35||51|). If 9 is a Magnus expansion of the pair {S,E) satis- 
fying the condition (j),s), then the diagram 

miS) -^-^ Dera(Qn^£) 

N{fi)s -^^^ BcToiTE) 
commutes. 

To prove Theorems 17.31 and 17.41 we consider a group-like expansion 9 ob- 
tained by gluing a symplectic expansion of Eg.i and a special expansion of 
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Eo,„+2. Here a group-like expansion 9: ni]o^„+2|B -^ (1 + T{Hi{'Eo,n+2))i) e 
is called a special expansion if it satisfies 0{£,j) = e'~^^ for any j > 0. By a simi- 
lar argument to that in |31| on relative twisted homology we deduce Theorems 
17.31 and 17.41 for the expansion 9. As a corollary of them, we obtain Theorem 
14.131 from which Theorems 17.31 and 17.41 for any expansion with the condition 
(tt,) follow. 

Independently Massuyeau and Turaev [51] give a proof of Theorems 17.31 
and 17.41 in the context of quiver theory. See also [SD] . 



7.3 The geometric Johnson homomorphism 

Let {S, E) be as above, and AA{S) — M.{S, dS) the mapping class group of the 
surface S fixing the boundary dS pointwise (sec i i3.4|) . The largest Torclli group 
X^(S') in the sense of Putman [68] is defined to be the kernel of the natural 
action on the quotient Hi(S)/{jy^^oQC!j). In this subsection we introduce 
a pro-nilpotent Lie subalgebra L~^{S) of the completed Goldman Lie algebra 
Q7r(S'), and construct a natural embedding t: X^{S) "-^ L~^{S), the geometric 
Johnson homomorphism for the surface S, using the isomorphism 

a:QT:iS)^DcT9ims[E) 

in Theorem nisi _ 

By Theorem [331 the Dehn-Nielsen map DN : M{S) -^ Aut(QLLSlE) is 
injective. If (p £ I^{S), then, by some straightforward argument, we have 
the logarithm logDN(v3) = Er=i((-l)""V")(DN(v) - 1)" as an element of 
Dera(QnS'|£;). From Theorem 14 . 1 31 we can define 

t{^) := <T-^ (logDNi^)') eQ7r{S). 

Hence we obtain a natural embedding r: X^{S) '-^ ^n{S). 

We use Putman's capping argument [68] to define Lie subalgebras Q7r(5')(2i) 
and L^{S). Let gj > 1 be a positive integer for 1 < j < n. We glue Sg^ i on 
S along djS for each j > 1 to obtain a compact connected oriented surface 
S :— S\jQs\dQsySj=i ^9j.i of genus 5 + X]!=i 9j with one boundary component. 
We denote hy l: S '^ S the inclusion map. Then the kernel of the induced 
homomorphism t* : Q7r(S') -^ Qtt{S) is spanned by the set {|log^j|}"^2 [33] 
Lemma 6.2.3 (2). Choose a section s G Sect(i*). We define a weight wtg on 
the algebra T by wts(Af) = wts(i?|) = 1 and wt^ (Cj) = 2 for 1 < i < g and 
1 < J < ^- The following is the key lemma to define Qfr{S){2^) and L^{S). 
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Lemma 7.5. If 9: TiS\E -^ {i + Ti)E is a Magnus expansion of the pair {S,E) 
satisfying the condition (jJs), then we have 

ii,)-\Qfr{S){3)) = Ker(i*) © {N0)-^ ({u e iVCfi) C fi; wt,u > 3}) . 



We define 



MS){2^) := Q7r{S){2) n {Q-\Q7r{S){3)) 



{Ney^ ({w G iV(fi) C fi; wt,w > 3}) , 



which does not depend on the choice of integers .g/s, a Magnus expansion 9 
nor a section s by LemmaO We have Q^(5)(3) C Q^(S')(2i) C Qir{S){2). 
The restriction of i* to Q'^(5')(2) is injective, and Q7r(S')(3) is pro-nilpotent. 
Hence Q7r(5')(2i) is also pro-nilpotent, so that it has a natural group struc- 
ture induced by the Hausdorff series. The inclusion t{1^{S)) C Qn{S){2^) 
follows from some straightforward argument. By construction the injective 
map r: I^{S) — > Qn{S){2^) is a group homomorphism. We define a Lie 
subalgebra L^{S) by 

L+{S) := {u e Q^(5)(2i); {a{u)^c7{u))A = Act(m)}. 
o 

Here we have Q7r(I]g.i)(2i) = Q7r(I]g^i)(3), and so L+(I]g.i) equals what we 
have defined in ij6l For an arbitrary 5, the subalgebra L^{S) can be regarded 
as a subgroup of Q^(S')(2i). The image t{I^{S)) is included in L+(S'), since 

any element of A4{S) preserves the coproduct A in QH5|£;. Consequently we 
obtain an injective group homomorphism 

t:I^{S)^L+{S), 

which we call the geometric Johnson homomorphism for the surface S. Note 
that notation here is different from [33] §6.3 and [31] §5.1, where we discussed 
Putman's "smallest Torelli group". In fact, when S ^ Eg^i the Lie algebra 
L+{S,E) in [35] [31] is a proper subspace of L+{S). Recently Church [7] 
constructed the first Johnson homomorphism for all kinds of Putman's Torelli 
groups |68| . We do not know any relation between Church's construction and 
ours. 

From the same argument as in Theorem 16.41 follows 



Theorem 7.6. 

(5 o T = 0: 1^(5) ^ L+{S) -^ Qir{S)^Qir{S). 
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8 Other topics and applications 

In this section, we discuss other related topics. In H8.1[ continuing the discus- 
sion in ij5l we study the action of a Dehn twist on the fundamental groupoid 
of the surface. In i j8.21 we describe the Lie algebra of chord diagrams, which 
comes from the Sp-invariants of the Lie algebra of symplectic derivations. An 
idea of using chord diagrams for description of the S'p- invariant tensors in iJ®™ 
goes back to a classical result due to Weyl [SJ. In HS.'Sl we make remarks on 
the center of the Goldman Lie algebra and show a result on a surface of infinite 
genus. In ^8.41 we make a review on the homological Goldman Lie algebra, 
which is a quotient of the Goldman Lie algebra. It is easier to handle than the 
Goldman Lie algebra, but still we have not reached a full understanding of it. 
We especially focus on its homological properties. 

8.1 The action of Dehn twists on the nilpotent quotients 

Let S and E be as in i )3.3l Fix an integer fc > 1. For po,Pi G E, we define 

NkQIlSipo,Pi) : = FiQnSipo,pi)/Fk+iQnSipo,pi) 

^ FimSipo,Pi)/Fk+imS{po,Pi). 

The mapping class group M.{S,E) acts on the Q-vector space 7VfeQn5'(po,Pi) 
through the Dehn-Nielsen homomorphism p.2|) . In this subsection we mention 
a few results about this action. 

Notice that generalized Dehn twists induce Q-lincar automorphisms of 
A^fcQnS'(po,Pi)- Let 7 C S'* \ dS be an unoricnted loop. Since ^(7) S 
Q>(5*)(2), we have a{L{'i))u G Ffc+iQn5(po,Pi) for any u G Ffc+iQn5(po,Pi), 
cf. Proposition 14.111 This implies that a{L{'-^)) induces a Q-linear endomor- 
phism of A^fcQn5(po,Pi), and t^ = exp((7(L(7))) induces a Q-linear automor- 
phism of Nk^IiS{p[j,pi). Fix q G S* and let 71 and 72 be unoricnted loops 
on 5** represented by loops xi and X2 based at g, respectively. As in tj2.11 
let Nk'!ri{S*,q) = '!ri{S*,q)/Tk+i{'!ri{S*,q)) be the fc-th nilpotent quotient of 

Propositions.!. Ifxi = X2 € NkTri{S*,q), thent^^ =^72 on Nk'^JiS{pQ,pi). 
Moreover, if the homology classes [xi], [X2] G Hi{S*;'L) are zero, thent^-^ = t^^ 
onNk+iQnS{pa,pi). 

Proof. For simplicity we denote tt* = 7ri(5*, q). Since a;i = 2:2 G A^fe(7r*) there 
exists some a G rfc+i(7r*) such that xi = X2a. Then a — 1 G (/7r*)'^+^. Since 
[Xi -J_^- {X2 - 1) = X2{a - 1) G (/^*)'^i, (l/2)(logxi)2 - (l/2)(log 2-2)2 G 
Fk+2QTr*. Therefore, L(7i) - ^(72) G Qfr{S*){k + 2). By Proposition IHTl 
a(i(7i)) = <7(L(72)) on NkQIlSipo,Pi). 
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The condition [xi] = [x2\ = G Hi{S*'.'L) means that xi — 1 and 2:2 — 1 
are elements of {lTT*f. Hence (l/2)(loga;i)2 - (l/2)(loga;2)^ G Ffc+sOrT* and 
L(7i) - L(72) e ^{S*){k + 3). This proves the latter part. D 



Suppose S and E satisfy the assumption of Theorem 13.31 and po = Pi- 

The map ^i(5,po) ^ ^fcQn5(po,Po) - /^i(^,Po)/(/7ri(5,po))'''+\ x^-^x-l 
induces a A^(S', _E)-equivariant injection iV/j(7ri(S',po)) — > -^fcQnS'(po,Po)- 

Corollary 8.2. Keep the assumptions as above and choose q G S. Let Ci 
and C2 he simple closed curves on S , and let xi and Xi be loops based at q 
representing Ci and C^- If xi = X2 € Nk(Tri{S,po)), then the action of the 
Dehn twists tci and tc2 on Nk{TTi{S,po)) coincide. Moreover, if Ci and C2 
are separating, the the action of tci and tc2 on Nk+i{TTi{S,po)) coincide. 

This is first proved for the classical case S = Sg.i in [21] Theorem 1.1.2. 
We do not know whether this corollary can be proved without using the results 
in 33 

Now we consider the case the surface is E = S^^i as in ^ and EJH We 
shall give a partial result about formulas for the Johnson maps of a Dehn 
twist, which is closely related to the action of a Dehn twist on the nilpotcnt 
quotients of the fundamental group tt = 7ri(S], *). Fix a symplectic expansion 
9 of TT, cf. Definition 16.11 Recall from i i2.3l the total Johnson map T^ and 
the k-th Johnson map t^ associated to 9. Note that the action of (^ e -^9,1 
on the k-th. nilpotent quotient Nk = Nk{Tr) is determined by \(p\ and Tf{(p), 
l<i<k-l. 

Recall from §6.31 that any symplectic expansion 9 induces a filtered Lie 
algebra isomorphism — Ag: Qtt ^ a^. Let 7 be an unoriented free loop on 
S. We set L''(7) := XeiHj)) = {l/2)N{i%x)i^{x)) G l^, where x G tt is a 
representative of 7. By Theorems 15. 31 and 16. 31 if C is a simple closed curve on 
S, then 

T^(fc) - exp(-L^(C)) G Aut(f ). (8.1) 

Let Ll be the degree k part of L^ . For example, L^(C) = [C][C] G 7?®^ 
where [C] € H is the homology class of C with a fixed orientation. For X G H 
we have L^(C)X = {X ■ [C])[C], thus (L^(C))2|^ = 0. From dH]), computing 
modulo T2 we obtain 

\tc\X = X - Ll{C)X ^X-{X- [C])[C], for X gH. 

This is the classical transvection formula. Computing modulo higher tensors, 
we obtain explicit formulas for T^{tc)- 

Theorem 8.3 ([31]). Let 9 be a symplectic expansion and C a non- separating 
simple closed curve on E. For simplicity we denote Lk = L^{C). Then we 
have 



58 Nariya Kawazumi and Yusuke Kuno 

(1) rfitc) = -L,, 

(2) r^itc)^-L, + i[L2,L,] + liL,)'. 

Note that if X G TT is a representative of C, then L^{C) = [x] A ^2(-^) G 
A^H C H^^ (see |31] Lemma 6.4.1). At the present stage we do not know 
exphcit formulas for T^{tc), fc > 3 and C non-separating. If C is separating, 
the formula for t^ becomes simple since L2{C) — 0. See [3T] Theorem 6.3.1. 

8.2 Lie algebras based on chord diagrams 

As in fjni let -ff = i/i(S; Q) be the first rational homology group of the surface 
S = Sg^i and Sp = Sp{H) = Sp{2g; Q). A classical result of Weyl |5T] is that 
the space of 5p-invariant tensors in i/®™ is generated by chord diagrams. The 
idea is to make the symplectic form lo correspond to a labeled chord. This 
description of 5'p-invariant tensors has been used in several works such as [40) 
[37] IE] [59]. 

In this subsection we review Lie algebra structures on the spaces of chord 
diagrams introduced in j32| . which come from the Lie bracket on the Sp- 
invariants of the Lie algebras Der(T) and Der„(T). Here T = 0^^o i?^" is 
the tensor algebra generated by H, Der(r) is the Lie algebra of derivations 
of T, and Der(j(T) is the Lie subalgebra of Der(r) consisting of derivations 
annihilating uj. Note that the degree completion of Dcri^{T) is the Lie algebra 
% in §6.21 The symplectic group Sp acts naturally on Der(r), and this action 
preserves Der„(T). As in gO we can identify Der(T) with ®Z=i H'^"' by 
the restriction 

oo 

Der(T) 4 Eom{H, T) = H* (S)T = H (»T = ^ iJ®", D ^ D\h. 

m— 1 

Also we have Der<^(r) = 0^^^ 7V(7?'»"). The action of Sp coincides with the 
diagonal action on the tensor spaces iJ®"*. The S'p-invariant parts Dct{T)^p 
and Der„(T)'^P are Lie subalgebras of Der(T) and DeiCuiiT), respectively. 

Let 771 be a positive integer. A labeled linear chord diagram of m chords is a 
set of m ordered pairs C = {(ii, ji), (12, J2), • • ■ , {inijm)} satisfying {ii, . . . , i„, 
ji, . . . , j,„} = {1,2,..., 2m,}. We draw a picture of a labeled linear chord di- 
agram as in Figure 6. If ik < jk for any 1 < fc < m, we say the label of C is 
standard. If C" is another labeled linear chord diagram such that 

C = {(«l,Jl), • ■ • , («fc-l,Jfc-l), {jk,ik), (ifc+l,ifc+l), • • ■ , {imjni)} 

for some 1 < k < m, we say C" is obtained from C by a single label change. 
Let CCm be the Q-linear space spanned by the labeled linear chord diagram 
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^^ 




> 



12 3 4 5 6' 
Figure 6. C = {(1, 2), (3, 5), (4, 6)} 



of m chords modulo the Q-linear subspace generated by the set 

{C + C' ; C' is obtained from C by a single label change}. 

Note that CCm is {2m ~ 1)!! dimensional, and the set of linear chord diagrams 
with standard label is a basis for CCm- 

The symmetric group &2m acts naturally on the tensor space H'^'^'^. For 
a labeled linear chord diagram C, we define 

aiC) -.^i ^ ^ • • • 2to - 1 2m \ ^^ ^ ^^2™^ 

This is an S'p-invariant tensor. Since a{C') ~ —a{C) if C" is obtained from C 
by a single label change, the correspondence a induces a Q-linear map 

a: CCm'^{H'^'^'''f'', C ^ a{C). 

The following proposition is due to Weyl |5T] except for "only if part of (3) 
which is due to Morita [55] . 

Proposition 8.4. (1) Ifn is odd, the space of Sp-invariant tensors (7y'^")S'p 
is zero. 

(2) The map a: CCm -^ (^^®2m-jSp j^ surjective for any m > 1. 

(3) The map a: CCm -^ (^/f^zm-jSp j^ ^^ isomorphism if and only if m > g. 

Set CC := 0TO^i CCm- From Proposition 18.41 the map 

00 
a: CC^ ^ {H®^"'fP = Der(r)^P (8.2) 

771—1 

is a stable isomorphism, and we can introduce a Lie bracket on CC so that 
(|8.2p is a Lie algebra homomorphism. 

To describe the Lie bracket on CC, we define the amalgamation of two linear 
chord diagrams. Let C and C" be linear chord diagrams with standard label of 
m and I chords, respectively. For 2 < i < 2/, we define the t-th amalgamation 
C *t C" as a linear chord diagram with standard label as follows. We first cut 
C" at the i-th vertex and C at the first vertex, insert C into the i-th hole of 
the cut C", then connect the first vertex of C to the t-th vertex of C". See 
Figure 7. The amalgamation C *t C is the linear chord diagram of the result 
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C 



C*tC' 



c 



C>i 



'<t 



c' t a 




>t 



^<t C'>i ^'>t 

Figure 7. the f-th amalgamation C *t C 



with standard label. Then the bracket [C, C] G CCm+i~~i is given by 

21 2m 

[C, C'] = -^C*tC' + ^C' *s C. 



(8.3) 



t=2 



s=2 



We next consider the Lie algebra Dcruj{T)^'''. Let i/m = t^ & &2m be the 
cyclic permutation 



1 2 3 

2m 1 2 



2m 
2m- 1 



For a labeled linear chord diagram C = {(ii, ji), (12, J2), • • • , (^m, Jm)} and 
s £ Z, we define 

i/^(C) := {(Z.^(zi), i/^(ji)), (i.^(z2), i/-^(j2)), . . . , {l^'ilrn),l^^Jrn))}. 

The cyclic group of order 2m, generated by v, acts on the Q-vector space 
CCm- Let Cm C >CCm be the Z2m-invarints under this action. If m, = 1 and 
C = {(1,2)}, then v{C) = -C £ CCi. This means that Ci = 0. The Q-linear 
space Cm is generated by labeled circular chord diagrams. More precisely, the 
space Cm is generated by element of the form N{C) = J2s=a '^^(^)i where 
C is a labeled linear chord diagram of m chords. We draw a picture of N{C) 
as in Figure 8. Here the picture is a labeled circular chord diagram obtained 
as the "closing" of the picture of C = {(1, 2), (3, 5), (4, 6)} in Figure 6. We 
call Cm the space of oriented circular chord diagram of m chords. The direct 
sum C = 0^^2^™ i^ ^ L^*^ subalgebra of CC. Since the tensor a{N{C)) is 
cyclically invariant, (|8.2p induces a Lie algebra homomorphism 



a:C^ 0(Ar(iJ«'2m))Sp ^ Der^(r)^P. 

m=2 

The Lie bracket on C is given as follows. Let D and D' be labeled circular 
chord diagrams of m and m' chords, respectively. For vertices p oi D and q 
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Figure 8. A labeled circular chord diagram 
D D' V{D,p,D\q) 





Figure 9. V{D,p,D',q) 



of D' , wc define the labeled circular chord diagram T>{D,p, D' , q) as the result 
of a certain surgery at p and q illustrated in Figure 9. Here the label of the 
chord connecting p and q are determined by the rule in Figure 10. Then the 
bracket [D,D'] G C,n+m'~i is given by 



[D,D'] = J2nD,p,D\q), 

{p,<i) 



(8.4) 



where the sum is taken over all pairs of the vertices of D and D' . 

The structure of graded Lie algebras CC and C are not fully understood. 
The Lie algebra CC has the trivial center and its homology H^,{CC) is the 
same as the homology of the circle S^ . However, the homology of the Lie 
subalgebra CC^ :— ®^^2 ^^m, is highly non- trivial, and so is the homol- 



D 



-<r- 



D' 



p q 



-^- 



the added chord 

p q 

• < • 

• > • 

• > • 

• < • 



Figure 10. The label of the chord pq 
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ogy of C. In [32], the center of C was computed. For an integer m > 2 let 
Cm = {(1,2), (3, 4),..., (2m -1,2m)} and set n^ = N{Cm) € Cm. Note that 
ai^m) = W(w®™). 

Theorem 8.5 (^32j). The center of the Lie algebra C is spanned by ^rn, ^^ ^ 2; 



m=2 



8.3 The center of the Goldman Lie algebra 

Let g be a Lie algebra. The center of g, denoted by Z{q), is the set of X S g 
such that [^, y] = for any F G g. It is a fundamental problem to compute 
the center of g. 

Let S be an oriented surface. It is clear from the definition of the Goldman 
bracket that if ^ is a loop parallel to a boundary component of 5', ^ and its 
powers ^", n e Z, are in the center Z'(Q7r(5')). The question is whether these 
elements span Z(Q7r(S')). Goldman gave a partial result in this direction. 

Theorem 8.6 (Goldman [17], Theorem 5.17). Let a,f3 G 7r(S') and assume 
that a is represented by a simple closed curve. Then [a, /3] = in Q7r(5') if 
and only if a and (3 are freely homotopic to disjoint curves. 

For example, we sec that if S is compact then Tr{S)nZ{QTT{S)) is the set of 
loops parallel to some boundary component of S and their powers. To sec this, 
we take a system of simple closed curves that fills S. This means that each 
component of the complement of these curves is a disk or an annulus whose 
boundary contains some boundary component of S. If /3 G 7r(S') n Z{QTt{S)), 
by Theorem 18.61 one can assume that (3 is disjoint from each member of the 
filling curves. Therefore, /3 is homotopic to a point or a power of a boundary 
loop. 

Whether the set 7r(S') fl Z{Qtt{S)) spans the center Z{Qtt{S)) or not is an 
open question. If S is closed, this is affirmative. The following result was 
conjectured by Chas and Sullivan. 

Theorem 8.7 (Etingof p3]). If S is closed, the center Z{QTr{S)) is spanned 
by the constant loop 1 G 7r(S'). 

The proof of Etingof uses symplectic geometry of the moduli space of flat 
GL^r (C)-bundles over the surface S. 

As a bi-product of the proof of Therem 18.51 we obtain a partial result on 
the center Z{Q'jT{J^g^i)) The idea is to use the relation between Q7r(I]g^i) and 
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a~ m Theorem 16.31 and the fact that any element of Z{a~) must be an Sp- 
invariant tensor since it commutes with the degree two part iV(i?'^^) ^ sp{H). 
Let C G 7ri(Eg^i) be the boundary loop as in ^ 

Theorem 8.8 ([32]). For a positive integer g , setm{g) := [{g—l)/4] + l. Here 
[x] is the greatest integer less than or equal to x. For any u G Z(Q7r(I]g_i)), 
there exists a polynomial f{C,) € Q[C] such that 

w= 1/(01 (modQ7r(S]<,,i)(27«(.9))). 

Let Soo.i be the inductive limit of the embeddings Sgi ^^ Sg+i^i, g > Q, 
obtained by gluing E1.2 on Eg.i along the boundary. Based on Theorem [ 
we can determine the center of Z(Q7r(Eoo,i)). 



Theorem 8.9 (|ji2J)- The center Z{^n{Y,^i)) is spanned by the constant loop 

1 e 7r(i;oo,i)- 



8.4 Homological Goldman Lie algebra 

As was mentioned in H4.1[ the Goldman bracket comes from the Poisson 
bracket of two trace functions on the moduli space of flat G-bundles over 
the surface, Hom(7ri (S"), G)/G. Goldman [T7] §3 already showed the explicit 
formula for the Poisson bracket depends heavily on the choice of a Lie group 
G. This fact led him to introducing some variants of the (original) Goldman 
Lie algebra. Later Andersen, Mattes and Reshetikhin [5] unified diversity of 
the Poisson structures into the Poisson algebra of chord diagrams on a surface. 
It would be very interesting if some phenomena analogous to what was stated 
in SjHand §6.31 could be found for this Poisson algebra. 

In this subsection we discuss a variant which appears for an abclian G, and 
some relation to the first and the second homology groups of the original one. 
Results on the second homology group are due to Toda [77] ■ If G is abelian, 
the Poisson action of ZTt{S) on Hom(7ri (5"), G)/G factors through the group 
ring of the integral homology group Hz = Hi{S;'Z), ZHz, which we call the 
homological Goldman Lie algebra of the surface S. We denote by [X] G ZiJz 
the basis element corresponding to X G Hz. Then the Lie bracket on ZiJz is 
given by 

[[X],[Y]]^{X-Y)[X + Y]e'LHz (8.5) 

for any X, Y G Hz, cf. [17] §5.10. Here {X ■ Y) is the intersection number of X 
and Y . More generally, if H is an additive group with a bi-additive alternating 
pairing ( • ) : H x H ^i- Z, then the formula (j8.5p defines a structure of a Lie 
algebra on the group ring "ZH , which we also call the homological Goldman Lie 
algebra associated to the alternating pairing ( ■ ) ■ We remark that the pairing 
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( • ) is not necessarily non-degenerate. In the last part of this subsection, we 
will present an outline of Toda's works [76] [77] on the algebraic structure of 
the homological Goldman Lie algebra in this general setting. 

In i)6.3l we constructed a Lie algebra homomorphism of Q-n-(I]g.i) into the 
Lie algebra of symplectic derivations. A similar homomorphism for Kif^ was 
already given in [T7] §5.10. In the first half of this subsection, until Corollary 
[5J51 we suppose S' = E^^i, g > 1. Note that iJi(I]g,i;Z) = ffi(Eg;Z) ^ Z^s, 
and that the intersection pairing is non-degenerate. Here we give a slightly 
modified version of Goldman's homomorphism. The 2(7-dimensional torus 
T^s := i7i(I]g,i;M/Z) has a natural symplectic form w e ^^^(r^s) derived 
from the intersection form on the surface Sg,i. Hence the Poisson bracket 
makes C°°(r29) = C'°°(t2S; C) a complex Lie algebra. We define a linear map 

p{[X]){Z) :^ --Le2-^(A--^) 

for any X G Hz and Z G T^^. It is easy to check that p is a Lie algebra 
homomorphism. 

On the other hand, for any closed 25-dimcnsional symplectic manifold 
{M,u}) the hncar map ip^^ : C°°{M) -> C given by 



JM 

induces a linear map on the abelianization C°°(M)^'^'^' of the Poisson Lie alge- 
bra C^iM). In fact, we have <p^({/, h}) = /^,^ Hf{h)uj9 = J,^ Chj (htoS) = 
for any / and h e C°°{M). Here Hf e X{M) is the Hamiltonian vector field 
associated to /. In our situation, we have 

fo, iiX^O, 

i^^ ' o p)i[X]) ^ \ g\ (8.6) 

This induces a non-trivial element of the first cohomology group of the Lie 
algebra Ci7z, H^CH^). 
From (|8.6p we have 



5! Jt^^ [1, iiX = Y. 

Hence the homomorphism p: CHz —>■ C°°{T'^^) is injcctivc. We can use p to 
compute the center of Ci?z in a similar way to that in 



Proposition 8.10. The center ofCHz, Z{CHz), is spanned by [0]. 
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Proof. Let {Ai,Bi}f^^ C Hz be a symplectic basis, and {xi,yi) the global 
coordinates of T^^ corresponding to the basis. We have a; = J2i=i dxi A dyi, 
P{[A^]) = -j^e^^^^y- and p{[B,]) = -^e-^-V^--. Suppose u € Z{CHz). 
ThcnO = p{[[A,],u]) = -^{e^-^y^^piu)} = ^ (^e^-^'^') [£-p{u)), 

and so ^p(u) = 0. Similarly ^p(u) = 0. Hence p{u) e C°°(T29) is a con- 
stant function S C = C/o([0]). Since p is injective, we obtain u e C[0]. Clearly 
we have [0] € Z(CHz)- This proves the proposition. D 

As will be stated in Theorem 18.191 , Toda [76] classifies the ideals of the 
homological Goldman Lie algebra over the rationals Q in the most general 
setting. This proposition follows also from his result. 

Next we discuss the abelianization, i.e., the first homology group of the 
Goldman Lie algebra Z7r(S]g_i). We begin by computing the abelianization 
of the homological Goldman Lie algebra ZiJz- Let {Ai,Bi}f^^ C Hz be 
a symplectic basis. We define i^iX) £ Z>o for X G Hz \ {0} by i^iX) = 
g.c.d.jfli, bi;l < i < g} where X = ^ aiAi + hiBi. In other words, v{X)~^X 
is in Hz^ and primitive. We define v{Q) := for G Hz- 

Lemma 8.11. 

[ZHz,ZHz]= Ziy{X)[X]. 

X<£H-,\{0} 

Proof. We have (X ■ Y) = {{X + Y) ■ Y) for any X and Y e Hz- Hence 
[[X], [Y]] e IviX + Y)[X + Y]. Conversely, for any X € Hz\ {0}, there exists 
Y e Hz such that {X -Y) = i^{X). Then we have [[X - Y], [Y]] = i^iX)[X]. 
This porves the lemma. D 

Corollary 8.12. 

^^^abcl ^ (^z/iy{X)). 

xeHz 

In particular, the Lie algebral^Hz is not finitely generated, while QHz^ '^ ~ Q. 

The resuh QHz'"'"'''^ = Q follows also from Toda's Theorem m [76]. Fur- 
thermore we have 

Theorem 8.13 ([36]). There is a subset S of Hz such that {[X];X e S} 
generates QHz as a Lie algebra and jJS* = 2g + 2. In particular, the Lie algebra 
QHz is finitely generated. Moreover, if S is a subset of H and { [X] ; X G S} 
generates QHz as a Lie algebra, we have \\S > 2g + 2. 

Since we have a natural surjection of Lie algebras Z7T(Eg,i) — > "ZHz, we 
obtain the following from Corollarv l8.12l 
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Corollary 8.14. The Goldman Lie algebra Z7r(Sg^i) is not finitely generated. 

The following question arises from this Corollary. 

Question. Is the ahelianization Q7r(I]g.i )'*'"'' finite dimensional, or not? Fur- 
thermore, is the (rational) Goldman Lie algebra QnCEg^i) finitely generated, 
or not? 

This question is open. As was explained in i j6.3[ we have a Lie algebra 
homomorphism of Q'k{T,g_i) into the Lie algebra of symplectic derivations a~. 
Recently Morita, Sakasai and Suzuki |63| proved that a stable part of the 
abelianization of the Lie algebra a7 is finite dimensional. But the Lie algebra 
homomorphism does not fit to the homomorphisms V'fi} ^-nd V3[7r.7r] stated be- 
low. They do not induce maps on a~. On the other hand, from Toda's classifi- 
cation of the ideals, Theorem l8.19l [75]. QHi{J^g^r', '^)^ ° is infinite-dimensional 
ifr>2. 

The abelianization QHz''^°^ is spanned by [0]. The map (f[^^^] : QH^ -> Q 
defined by 

is proportional to the map ip"^ o p in (j8.6p . Hence it induces an isomorphism 
V[7r.7r] • QH^^ "^ ^ Q. Since we have a natural surjection of Lie algebras 
Q7r(I]g,i) -^ QHz, the map (^[^.^j : QniY.gs)''^''^ -^ QH^""^"^ -> Q is nontrivial. 
Moreover, as will be shown later in Corollarv l8.17[ the map ip^i^ : Q7r(I]g^i) — >• 
Q defined in (|8.8p descends to Q7r(I]g^i)^'^°'. Since ip^i^ and <^[,r,7r] a-re linearly 
independent, we obtain 

Corollary 8.15. 

dimQQ^(Sg.i)"'=°'>2. 

Now let S be any connected oriented surface. Choose a base point * 6 S', 
and denote n := ni{S, *). Consider a normal subgroup F C tt. We denote by 
TV = Nr the set of conjugacy classes in the quotient N = Nr := tt/F. We have 
a natural surjection w = wp '■ QTt{S) —^ QN. 

Now the following question seems to be natural. 

Question. Does the Goldman bracket descend to QA'r ? Or, equivalently, is 
the subspace Ker(n7r) an ideal of Q'!t{S)? 

Clearly the answer is yes if F = {1} or F = [tt, tt]. Remark that A^[t.^] = 
iVr^ jr] == -ffz- The answer is no if 5 = Sg^i, 5 > 2 and F = [tt, [tt, tt]]. To sec this 
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choose a symplectic generator system {ai,f3i}f^^ C tt. By a straightforward 
computation, we obtain 

[\ai\,\[[l3i,a2],a2~^]ar^\-\ar^\] ^ \{l~[a2,ai]){l-[ai,a2])\ G QN^^-^], 

which is not zero. This imphes that the Goldman bracket does not descend to 



The question is open for the other normal subgroups. It is closely related 
to the former question. We introduce a map ipr : Q7r(S') — > Q by 

,, ,, 1 0, if 2; e TT \ r, , ^ 

MM)^\; ., ^^^ (8.8) 

II, it 2; e i . 

It is well-defined since F is a normal subgroup of tt. 

Lemma 8.16. If the Goldman bracket descends to QNr, then 

In other words, (pr induces a nonzero element of H^{QTr{S)). 

Proof. Assume ipr{[a,l3]) ^ for some a and /3 G 7r(S'), from which we will 
deduce a contradiction. We may assume a is in 7ri(S', *), and a]J/3 a generic 
immersion. Then we have i^r(|ap/3p|) = 1 for somepo G an/3. If we write 7 := 
apo/3po"*Po~^ = aa*po/3po"*Po~^ ^ 7ri(5', *), then 7 e T and /3 = |7a"^|. 



a 



Since the Goldman bracket descends to A^r, we have 

On the other hand, let a~^ be represented by a generic immersion such that 
a U a~^ bounds a narrow annulus, as in |17j . p. 295. Let p be a double point 
of the loop a. It divides the loop a into two based loops ai and a2 with base 
point p as in Figure 1 1 . The two intersection points derived from p contributes 
aia2C(i~^a2~^ and a2Ctia2~^ai~^, respectively, with the opposite sign. Then 
aia2ai~^a2^^ G F is equivalent to a2aia2~^ai~^ S F. This implies that 
the contributions of the two points cancel, namely, (pr{[cx,a^^]) = 0. This 
contradicts what we proved above, and proves the lemma. D 

In the case F = {1}, we have 

Corollary 8.17 ([TT] Proposition 5.9). If we write tt'{S) := t:{S) \ {1}, then 

Goldman's original proof [^ pp. 294-294 is not correct. For details, see 
[5T] Remark 3.1.2. 



68 



Nariya Kawazumi and Yusuke Kuno 




Figure 11. loops ai and 02 



Corollary 8.18. If S = T,g or Sg,i, <? > 1, then the Goldman bracket does 
not descend to QNy for any normal subgroup T with [tt, tt] ^ F ^ tt. 



Proof. This follows from 



abcl 



Lcmma l8.12l 



D 



We conclude this chapter by giving an outline of Toda's works [76] [77] 
on the algebraic structure of the rational homological Goldman Lie algebra 
for any additive group H equipped with a bi-additive alternating pairing 
{ ■ ): H X H —)' Z. The pairing induces the map fx: H ^f Hom(iJ, Z) de- 
fined by iJi{x){y) = {x ■ y) for any x and y € H. In Toda's results, the set 
Ker(/i) and its complement subset H \ Ker(/i) play some important roles. 

Toda classified all the ideals of the rational homological Goldman Lie al- 
gebra QH as follows. For any x e H, we define T{X) : QH -^ QH by 
T{X){[Y]) := [X + Y] for any Y e H. 



Theorem 8.19 ([76]). For any ideal f) in QH , there exists a unique pair 
(Vq, V) such that 

(1) Vq and V are subspaces of the linear span o/Ker(/x), 

(2) For any Z £ Ker(^) we have T{Z){V) C V, and 

iS)D = Vo(BExeH\KerMnX){V). 

If ^ = 0, we define V^ = 0. Conversely, a subset t) C QH satisfying the 
conditions (1),(2) and (3) is an ideal of <i 



As a corollary, the center of QH equals the Q-linear span of Ker(//), and it 
is isomorphic to the abelianization of the Lie algebra 1 



Corollary 8.20 f [lip. If { ■ ) is non- degenerate, then any ideal of QH equals 
one of the fallowings 



0, 



andQ{H\{Q}. 



This corollary was already obtained by Dokovic and Zhao [TT]. Moreover 
they asserted that their results covered the degenerate cases. But it was based 
on the non-correct claim on p. 154, I.-IO that the quotient QH/QKct{^) would 
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be isomorphic to the rational homological Goldman Lie algebra associated to 
the quotient H/Ker{fi). 

In [77] he computed the second homology group of QH in the general 
setting. Let QH^'^I be the derived ideal of QH, which equals Q{H \ Kcr(/^)) 
by Theorem mm 

Theorem 8.21 ([77] Theorem 1). // the pairing { ■ ) is non-zero, then we 
have natural isomorphisms 

H2(,QH) ^ (A^QKevi^i)) ® H2{QH<-^^), (8.9) 

F2(Q/^(^))= Q<E>{H/Zz). 

5:GKcr(/^) 

Corollary 8.22 ([11|). // the pairing { ■ ) is non-degenerate, then we have 

H2(QH) ^ H (g> q. 



In [77] Theorem 13, Toda proved that the third homology group of QH is 
non-trivial if the pairing is non-zero. 

Finally we go back to the (original) Goldman Lie algebra. Let S* be a 
compact connected oriented surface. Then Toda |77| proved 

Theorem 8.23 ([77] Theorem 11). The composite of the map induced by the 
natural surjection Qtt{S) — > QiJi(S';Z) and the projection in the decomposion 

dHU) 



H2m{S)) ^ H2{QHi{S;Z)) ^ H2{QH,{S;ZY^')) 
is surjective. 

To prove the theorem, he constructed some explicit abelian 2-cycles in the 
Goldman Lie algebra Q7r(5'). 
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